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Z Similarity Measure Among Fuzzy
Sets

The existing similarity measures between fuzzy sets have been analyzed at
the beginning of the paper. The existing measures have been defined as the
similarity measures of the two fuzzy sets. The constraints these measures
include are that they are applied for the fuzzy sets whose membership
functions are discontinuous. Likewise, the properties of the existing
measur es have been analyzed. It has been noted that in most frequent cases
not even the basic properties these measures should fulfill have been
fulfilled. On the basis of the existing measures, the similarity measure
Z p g between two fuzzy sets has been analyzed. This measure fulfills the

basic properties. In certain cases this measure gives the indefinite result
oo/co . The solution to this problem has been presented in this paper. With

this solution, the measure Z g has been determined to the full in each

case, and the constraints do not affect the quality of the solution. The new
measure with which we can determine the similarity measure of more fuzzy
sets has been defined using the measure Z 5 g . With the introduction of the

constraints for the new similarity measure among more fuzzy sets the new

measure provides good resultsin all cases.
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1. INTRODUCTION

In the cases when we can not precisely enough
describe a phenomenon or a process, we introduce
certain assumptions, i.e. simplifications. This is a
classical way of obtaining a model of an object or a
process. The question then arises whether by
introducing this assumption we have formed the model
correctly enough, i.e. whether some of the basic
properties have been neglected.

However, the problem may arise in the case we have
modeled an object well enough. We do this most
frequently in general numbers. When we have to make
specific calculations, we are not sure which values
certain parameters should have. In this case fuzzy
numbers may help.

If we have more indefinite values in one model, then
the need to introduce more fuzzy numbers arises. The
question arises whether all these fuzzy numbers (sets)
are mutually independent or connected. In order to
determine the degree of their correlation it is necessary
to introduce certain values which can “measure” this
correlation.

For this purpose similarity measures between or
among fuzzy sets have been introduced. The first papers
in this field appeared in 1980s [1]. Afterwards, different
authors proposed various similarity measures of fuzzy
sets. In 1993 Pappis and Karacapilidis [2] were among
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the first ones to make a classification of the measures
known up to then. They made a comparison of these
measures analyzing their advantages and disadvantages.
Later, new, improved measures were defined in [3].
Likewise, three more measures were introduced in [4].
The detailed analysis was conducted for these measures.

The problem of similarity between fuzzy sets was
also analyzed from the mathematical point of view,
using the correlation theory [5]. In this case, the
correlation quotient was used as a similarity measure of
fuzzy sets.

In mid 1990s another comparison of known
measures was made [6]. Certain cases of solving the
disadvantages of existing measures were presented in
[7] and [8] as well.

2. BASIC DEFINITIONS

Let us assume that A (i =1,2,...,m) are fuzzy sets.
With X; we can denote the universe of discourse for
each of the fuzzy sets A, i.e. Xj ={X,Xy,..., Xn} when

fuzzy sets are represented by their membership
functions, then

A ={ up (0. & <x<ay }, (1
where u A (X) is a membership function of fuzzy set A,
for which up (X): x—[0,1], V i =1,2,....,m. Measures
aj and & are such that: a; <ay; up(X)=0
UX<aj A VX>ay.

Originally, the distance function has been introduced
into [1] as
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and it represents the distance of r' order between points
a and b, in n - dimensional space. In special cases, i.e.
for r=1 andr =0, and

m@m=%la—hl, 3)
i=
d..(a.b) = max [a ~h]. )

These relations are necessary since they help to
define similarity measures between fuzzy sets which, in
relations (2), (3) and (4), are represented as points.

There are several approaches to defining the
similarity measures between fuzzy sets [6].

The first approach is such that it involves geometric
distances in n-dimensional space. These are measures
based on the model of geometric distance. These
measures are applied only to define the similarity
measures of two fuzzy sets. Let us assume that the fuzzy
sets are A and B.

These measures are

Lag =1—miax la -k|,i=12,..n (5
Lag =1-d..(ab), (6)
n
la-h |
LA,le_ IEI— (7)
-le g +h |
i=

Analyzing the disadvantages of these measures, the
similarity between fuzzy sets A and B has been given in
[6] in the following way

1 n
Wag=1-— ¥ |a-h |. (®)
n =1

The second approach to defining similarity measures
between fuzzy sets is when they are based on the so
called set-theoretic approach. It is then assumed that
fuzzy sets are defined through their continuous
membership functions (1« A (X) ).

If the scalar cardinality (power) of fuzzy subset A is
defined as

A= T ap (00X, ©)

then, e.g. the similarity measure of fuzzy sets A and B is
as follows

Sug = 1-/A0E (10)
AR |AuE”
or
Sap =1-sup up~g(X). (1
xe X

By analyzing the previous measures, Pappis
suggested that relations (10) and (11) should be
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modified in the following way, so that the new measure
should be

|ANB|
|[AUB

MA,B =1_SA,B= 5 (12)

while in the continuous membership functions this
measure is

Tag =1-Sap =sup up~g(X) . (13)
xe X

The third approach to forming similarity measure
between fuzzy sets is based on the so called matching
function S [6]. In this case, vectors a and b, which are
representatives of fuzzy sets A and B, are observed.

Then the similarity measure between fuzzy sets A
and B can be defined as follows

a-b

S@b)= max(a-a,b-b)

(14)

This measure has retained its original form, but is
frequently denoted as Pp g = S(a,b).

On the basis of the stated measures, the forming of
measure Z will be shown later. It is therefore necessary
to explain the properties of these measures, i.e. their
advantages and disadvantages.

Bearing in mind the three different approaches to
solving this problem, the properties to be considered
refer to measuresWp g, Taop and Pag.

3. PROPERTIES OF SIMILARITY MEASURES
BETWEEN FUZZY SETS A AND B

The similarity measure of the sets A and B, based on
geometric distances (Wpp, [6]) has the following

properties:

(W1) Wpg =Wg A,

(W2) A=B & Wpp-=1,

(W3) AnB=0 & Wpp =0,
(W4) Wpa=1,

(WS) Wap=0 & A=I1vA=0,
(W6) A~B = Wp cuc =Wag-

These are just the basic properties of this measure.
However, it can be concluded at first sight that some of
these properties have not been fulfilled. We should bear
in mind that each of the measures should fulfill these
basic properties.

In this case (W3) and (W6) are the properties which
are not always fulfilled. E.g. there are cases where
AN B=0 but thenWp g # 0. Generally, (W6) should

also be valid, but it can be shown that it is not.
Regarding the basicity of these properties, which are
not always fulfilled, it may be concluded that this
similarity measure between fuzzy sets can not be
generally accepted.
In the cases when we observe the similarity measure
between fuzzy sets A and B based on the set-theoretic
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approach, this measure isTpopg. It should fulfill the

following properties

(T1) Tag=TgA>

(T2) A=B & TAle’

(T3) AnB=0 < TA’BZO,
(T4 A~B = Tauceuc =TaB-

On the basis of these fundamental properties, it may
be concluded that this measure is not suitable for use in
most cases. It may be very easily concluded that the
characteristic (T2) has not been fulfilled generally. This
disadvantage may be overcome if the membership
functions are standardized. As this is not always the
case, this measure is not acceptable generally since the
characteristic (T2) must be fulfilled.

The property (T4) is not always fulfilled either,
bearing in mind the necessity for the measure (T4) to be
fulfilled, which is not always the case, the measure
Tap cannot be accepted as a measure, which generally
provides a fairly accurate picture of the similarity of two
fuzzy sets A and B.

Bearing in mind the similarity measures based on
matching function § then the measure Pp g is defined.

The properties of this measure are similar to the
previous properties, i.e.

(Pl) PA,B:PB,A7

(P2) A=B & Ppp=1,

(P3) ANB=0 & Pag=0,
(P4) A~B = Pacuc =Pas-

In the case of this measure we may notice that the
majority of basic properties have been fulfilled. It
means that the basic disadvantages of the previous
measures have been overcome with this measure.
However, in this case the property (P4) need not always
be fulfilled either.

Bearing in mind all the properties which occur with
the presented measures, it is essential to define a
measure which will at least fulfill the basic properties.
Likewise, it is necessary to generalize this measure for
the case of similarity of more sets as well. The attempt
to introduce this measure can be found in [8].

4. Z SIMILARITY MEASURES BETWEEN FUZZY
SETS AND THEIR PROPERTIES

4.1. Z similarity measure between two fuzzy sets

We are analyzing sets A and B defined by their
continuous membership functions up and ug. Their

universe of discourse are X, and Xp respectively,
and they need not be equal, i.e. Xp # Xpg.

The set of points of cross section of the membership
functions ua and up is defined by

K={ki : ualki)=pg(ki), K <kip,i=12,.,r}(15)
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which means that there are r points of cross section of
these two membership functions
Let us assume that p and g are such numbers so that

HA)>0 A pg(¥)>0, Vxe(pg). (16)

Since the universe of discourse of fuzzy sets A and B
is defined by X o and Xg, i.e.

Xa={x a <x<a,}, 17)
Xg={x b <x<b}, (18)

it may be concluded that p=4a; andq=b,.

On the basis of [8], the similarity measure between
two fuzzy sets (A and B) can be expressed as follows

q
2 e (%) dx
Zng =75 P : . (19)
[ A dx+ [ g (%) dx
3 b

The membership function uc (X) can be defined as

UNX),  UA(X) < g (X) VXe X a, X .(20)

#e ) :{ﬂB(X), UA) > 11 (X)

q
When defining the value j Hc (X)dx, we should

p
bear in mind that the calculation interval is divided into
several parts and that it depends on r- i.e. on the number
of cross section points of the membership function. It
means that

q
[ e (Xydx =
p
kl k2 q
= [ uc O)AX+ [ e )X+ + | g (X)dx  (21)
p ki K

The properties the stated measure Z 5 g fulfills are

(Z1) Zpp=ZpB,
(Z2) A=B (A#0AB=#0) & Zpp=1,
(Z3) AnB=0 & Zpp=0,
(Z4) A~B = Zacuc =ZAB-
Note: If some universe of discourse is such that
p=—co org=-co, then it most frequently occurs that

e.g. on the interval (p,K;) or on the interval (k,,q) the
following is fulfilled

ua(0=1 v ug(x=1. (22)

In this case, when calculating the measureZ g,
using the expression (14) we obtain the indefinite
expression eo/co .

In order to overcome this, constraints must be
imposed for the application of the expression (14).
These constraints may be imposed on the intervals
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Xe(pakl) A XE (kraQ)a (23)
on which
Ua(X) = ug(x)=1. (24)

In this case the set also has an unlimited number of
elements, i.e. I =co . Then, on the intervals where (23)
and (24) are valid it must be as follows

Uc(X)=0. (25)

sothat Z g is a final number.

4.2. 7 Similarity measure among fuzzy sets

Let us assume that A(i =1,2,...,n) are fuzzy sets,

defined  with  their = continuous  membership
functions £ (). If we assume that the universe of

discourse is X, for each set A , respectively. It means
that
Xi ={x, aj <x<ay}. (26)

On the basis of the previous discussion, values p and
g can be defined as

p=min (&), @7

and

q= max (@) - (28)

The set of cross section points of the membership
functions are

K={k| Fip () = g (K,
Vi,j=12,.n Kk <kg.l=L2..r}. (29

Now the Z similarity measure among fuzzy sets is
defined with

q
N[ pac (X)dx

Za=—P 30
A= e (30)

> [ a0 dx
i=la,

The membership function yc(X), in this case is
defined as

fc () =min (up (X)), Vi=12,..n, (1)
|

where we should take into consideration that this
function is determined on each interval (Kj,ki;;),
vl =0,12,..,r.

The value in the numerator of the expression (30) is
determined in completely the same way as for the two
sets, using (20).

In order to obtain the final value of the similarity
measure among fuzzy sets Zp, i.e., so that it would not

118 = VOL. 34, No 2, 2006

be oo/co , similar constraints should be imposed as in the
case of the measure Zpp. It means that, on the

intervals (k;,k;,;) on which
Up(X)=1 Vi=12..n 32)

we should take into account that
Uc(X)=0. (33)

In this case the measure Z 5 is the final number.

5. CONCLUSION

1. In the introductory part we discussed the need to
introduce similarity measures between fuzzy sets.
The chronological analysis of the scientific views in
this field has also been presented. Having in mind
the frequent appearance of generalization of the
results in this field, the need for further
generalization of the existing results arises, as well
as the improvement of the existing solutions. It is
particularly important to provide new solutions
when the existing ones are not good enough.

2. The existing similarity measures are frequently
connected with the fuzzy numbers which are defined
with discontinuous membership functions. Having in
mind the limited technical application of these fuzzy
numbers it was necessary to define the similarity
measures between fuzzy sets determined with their
continuous membership function.

3. The properties of the existing similarity measures
have been analyzed. It may be concluded that the
basic properties, which should be fulfilled by these
measures, are most frequently not fulfilled.

4. The Zpp similarity measure between two fuzzy

sets has been separately analyzed, when these sets
are determined by its continuous membership
function.

5. Although the measure Z g does not fulfill all basic

properties which should be fulfilled by a certain
measure, there are cases where this measure has not
been determined to the full, i.e. it has the value
oo/co . The solution to this problem has been given.

6. The similarity measure among more fuzzy sets, i.e.
Zp, i=12,..,n has been defined using the
introduced measure Za . Likewise, the solution

when this measure has an indefinite value, has been
given.
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Z MEPE HOBE3AHOCTU UBMEBY FUZZY
CKYIIOBA

3opan Mutposuh, Cphan Pycos

Y pagy ce Hajupe aHanusupajy mocrtojehe wmepe
noBezaHoctu u3mely fuzzy ckymnosa. Ilocrojehe mepe
nehuHHCAaHE Cy Kao Mepe TMOBe3aHOCTH gaBa fuzzy
ckymna. OrpaHuucia Koja OBe Mepe UMajy Cy Ja Ce OHE
npuMmewyjy 3a fuzzy ckymoBe uwmje (yHKUMje
NPUIAAHOCTH Cy TpekuaHe. Takole, aHanusupane cy
ocobuHe nocrojehnx Mepa. YoueHo je aa Hajuemthe HU
OCHOBHE ocoOuHe, Koje OM oBe Mepe Tpebano 1a
3al10BOJBABAjy, HUCY HcIymeHe. Ha ocHOBY mocTtojehmnx
Mepa, aHanusupaHa je u Zpap - Mepa IOBE3aHOCTH
n3mel)y nmBa fuzzy ckyma. OBa Mepa 3aq0BoJbaBa
OCHOBHE ocoOuHe. Y onpeleHuM cityuajeBUMa OBa Mepa
naje HeonpeheHn pesyarar obmmka oo/co. V pamy je
JaTO pelIeme OBOr mpobOiema. OBUM pememeM Mepa
Z B, Yy IOTIYHOCTH je ofpeheHa y CBakoM cily4ajy, a
OrpaHHYela KOja Cy HaMeTHyTa Y IOCTYNKY HEHOT
U3padyHaBamka, HE YTUYY Ha KBAJIUTET peELICHA.
Kopucrehn mepy Zpp nedunucana je HOBa mepa
KOjOM ce MOXE YTBPOUTH IMOBE3aHOCT W3Mel)y BUIIE
fuzzy cxymoBa. Ca yBeIeHHM OTpaHHYCHUMA 33 Mepy
Z p B, KOja je mpuiarohena 3a HoBy Mepy MOBE3aHOCTH

uamehy Bume fuzzy ckynoBa, HOBa Mepa Jaje
KBaJUTATUBHO J00pe pesyirarte y CBUM CIydajeBHMA.
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