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mass with the mode superposition method is presented. This method uses
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1.

Dynamic Response to Harmonic
Transverse Excitation of Cantilever
Euler-Bernoulli Beam Carrying a Point
Mass

INTRODUCTION

Dynamic analysis of a structure as continuum (where
inertia, stiffness and damping are evenly distributed
throughout the domain) has limited use in practice
because of its mathematical complexity. However, the
analysis of continuum systems, such as e.g. beam, gives
us useful information of complete dynamic behaviour of
more complex structures, so papers with different beam
boundary conditions as [1], [2] and [3], beam
excitations (in point [4], [5], base excitation [6], etc.) or
beam materials (composite [7], [8], etc.) are published.
Transverse vibrations of uniform slender beam can be
calculated using the Euler-Bernoulli theory. This paper
describes specific combination of boundary conditions
(cantilever beam with point mass) and excitation
(harmonic excitation in one point) which can be found in
practice as in [9] and [10] but this calculation procedure
can be used for any boundary conditions.
In this paper, natural frequencies and mode shapes
are calculated using the method of separation of
variables and Laplace transformations of homogeneous
part of differential equation of motion of cantilever
beam carrying a point mass without damping. Then
dynamic response of undamped and damped beam,
where damping is defined with Rayleigh theory, is
defined by the mode superposition method which uses
mode shapes and modal coordinate functions.
Calculation of modal coordinates functions is based on
the orthogonality characteristic of mode shapes.
Analytical results, calculated by Matlab2010a on
Windows 8, are compared to numerical results,
calculated by software MSC.Nastran for Windows [11]
where beam finite element, based on Timoshenko beam
theory, is used for creation of finite element model.
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2. DYNAMIC RESPONSE TO HARMONIC
TRANSVERSE EXCITATION

Beam with the constant rectangular cross-section with
point mass on position xM and under the action of
transversal harmonic force on position xF is analysed.

Figure 1. Sketch of cantilever Euler-Bernoulli beam
carrying a point mass with harmonic transverse excitation
in one point

A differential equation of forced vibrations of beam
(see [12] and [13]) is defined by using the Hamilton's
variational principle:
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where E is Young's modulus, I second moment of area,
w transversal displacement, x beam longitudinal
coordinate, cd stiffness proportional and c mass
proportional Rayleigh damping coefficient, ρ beam
material density, A cross-section area, M value of point
⌢
mass, xM coordinate of point mass, F excitation force
amplitude and Ω angular frequency of harmonic
excitation. Parts of (1) are flexural stiffness, inner
damping, external damping [12] and inertia of beam,
inertia of point mass and external force, respectively.
It is known that undamped linear dynamic systems
have natural mode shapes, and that in every mode shape
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different parts of the system are vibrating in phase,
passing through equilibrium in the same moment. In the
damped systems, however, this characteristic generally
does not apply [14]. Rayleigh [12] has shown that there is
a group of damped systems which have classical mode
shapes. In this paper a Rayleigh definition of damping is
used and uncoupled functions of modal coordinates are
defined as a basic part of mode superposition method.

The objective of this chapter is to define natural
frequencies and mode shapes from homogeneous part of
differential equation of cantilever beam carrying a point
mass without damping [2]:

∂ 4w
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δ ( x − xM ) = 0 .

(2)

Boundary conditions for cantilever beam are:

w ( 0, t ) = w ' ( 0, t ) = w '' ( L, t ) = w ''' ( L, t ) = 0

(4)

EIψ

2

− ( ρ A + M δ ( x − xM ) )ψω = 0 ,

(5)

ε ( x)
where function ε(x) is so called weighting function.
Boundary conditions has to be satisfied after application
of method of separation of variables which is possible if:

ψ ( 0 ) = ψ ' ( 0 ) = ψ '' ( L ) = ψ ''' ( L ) = 0 .

(6)

Equations (5) and (6) define eigenvalue problem
which is solved by Laplace transformations with respect
to x coordinate so equation (5) now has the form:

( )

EI ⋅ L ψ IV − ρ A ⋅ L (ψ ) ω 2
− M ω 2 ⋅ L (ψδ ( x − xM

)) = 0

.

(7)

Laplace transformation for function ψ IV(x) is:

(

)

L ψ IV ( x ) = s 4 L (ψ ( x ) ) − s3ψ ( 0 )
− s 2ψ ' ( 0 ) − sψ '' ( 0 ) −ψ ''' ( 0 )

(8)

where boundary conditions ψ (0) and ψ '(0) are equal to
zero (see (6)), while Laplace transformation for
equation part ψδ ( x − xM ) is:

L (ψ ( x ) δ ( x − xM ) ) = e− sxM ψ ( xM ) .
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Inverse Laplace follows:

ψ = ψ '' ( 0 )

cosh ( kx ) − cos ( kx )
2k 2
sinh ( kx ) − sin ( kx )
3

(3)

where ψ(x) is mode shape and sin(ωt) represents
harmonic vibrations with angular natural frequency ω.
After inclusion of (4) into (2) and division of the whole
expression with sin(ωt) an expression is obtained:
IV

+

M ω 2ψ ( xM

+ ψ ''' ( 0 )

where ' is derivative with respect to x. Condition
w'''(L,t)=0 is valid if the free beam end is not loaded
with external force or point mass. Differential equation
(2) is solved by the method of separation of variables by
which displacement is defined with the product of two
separated functions of position and time:

w ( x, t ) = ψ ( x ) sin (ωt ) ,

L (ψ ( x ) ) = ψ '' ( 0 )

where wave number k is calculated from expression:

2.1 Natural frequencies and mode shapes

EI

After inclusion of (8) and (9) into (7) we obtain
expression:
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and with the rest of the boundary conditions
ψ ''(L)=ψ '''(L)=0 functions ψ ''(0) and ψ '''(0) are
calculated and mode shape function is defined as:
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where values of A and B are calculated from expressions
[9]:
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B=
cos ( kL ) cosh ( kL ) + 1
By inserting condition x=xM in (13), the expression
for calculation of natural frequencies ω is obtained:

(

M ω 2 2 A ( sin ( kxM ) − sinh ( kxM ) )

)

− B ( cos ( kxM ) − cosh ( kxM ) ) − 4 EIk 3 = 0

. (16)
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It is observed that equation (16) has the form f(k)=0
after inclusion of (11) so its zero points (see figure 2)
define wave numbers k. Then natural frequencies from
(11) and mode shapes from (13) can be obtained.

L

∫ ε ( x )ψ

i

( x )ψ j ( x ) dx = 0

(22)

0

which makes them orthogonal with respect to the
weighting function ε (x). After inclusion of expression
(5) into (18), multiplying expression (18) with mode
shape function ψj and dividing it with the product of
square roots of normalized masses ( M i M j ) an
differential equation is obtained:

ε ( x ) ωi2ψ iψ j qi + βε ( x ) ωi2ψ iψ j qɺi
+ αε ( x )ψ iψ j qɺi + ε ( x )ψ iψ j qɺɺi .

(23)

⌢
ψ j ( xF )
= F sin ( Ωt )
δ ( x − xF )
Mi
After integration of eq. (23) over the beam domain for
all mode shapes the following expression is obtained:
Figure 2. Zero points of equation (16)

L

The accuracy of calculated mode shapes are
confirmed with (5).

L

∫

∫

ωi2 qi ε ( x )ψ iψ j dx + βωi2 qɺi ε ( x )ψ iψ j dx
0

0
L

The equation (1) is solved by mode superposition
method where the solution is assumed in form:
∞

∑q

n

( t )ψ n ( x )

(17)

n =1

where qn(t) are the functions of modal coordinates and

ψn(x) are the mode shapes (13). After inclusion of (17)
into (1) and definition of stiffness proportional (cd=βω2)
and mass proportional Rayleigh damping (c=αε(x))
[12], equation (1) has a form

EIψ iIV qi + EI βψ iIV qɺi + αε ( x )ψ i qɺi
.
⌢
+ ε ( x )ψ i qɺɺi = F sin ( Ωt ) δ ( x − xF )

L

∫
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0
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Mass normalized mode shape functions satisfy
expressions:
L

∫ ε ( x ) (ψ
0

and
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i

( x ))

2

dx = 1

0

where all combinations of indexes i and j of normalized
mode shapes are under integral. Integrals in expression
(24) with different indexes i and j are equal to zero
while integrals with equal indexes i=j are equal to one.
As a result, a number of uncoupled expressions for
functions of modal coordinates are given:

(

(21)

)

ωi2 qi ( t ) + α + βωi2 qɺi ( t )
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+ qɺɺi ( t ) = F sin ( Ωt )
Mi

(25)

Furthermore, modal damping ratio ζi of i-th mode
shape based on Rayleigh theory [12] is defined with:

ζ =

α
2ω

+

βω

(26)

2

so expression (25) has a new form:

ωi2 qi ( t ) + 2ζ iωi qɺi ( t )
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and mass normalized mode shape can be determined
from expression:
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(18)

Now, an orthogonality characteristic of normalized
mode shapes is used to get uncoupled functions of
modal coordinates. Normalized mass of mode shape is
defined with expression:
M i = ε ( x )ψ i2 ( x ) dx

∫

+ α qɺi ε ( x )ψ iψ j dx + qɺɺi ε ( x )ψ iψ j dx , (24)

2.2 Functions of modal coordinates
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with a solution:
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where ωi' = ωi 1 − ζ i2 is natural damped frequency of
i-th mode shape.
3.

EXAMPLE 1

In this example, natural frequencies and mode shapes
for a beam which can be modelled by Euler-Bernoulli
theory are verified by Nastran. Also, numerical
overflow which appears at higher natural frequencies is
analysed.
Beam dimensions are 0.46m*0.03m*0.0007m and
beam material is galvanized steel with Young's modulus
E=2.1*1011 Pa, the density ρ=7780 kg/m3 and the
Poisson's coefficient ν=0.3.
The accuracy of the analytical results will be
confirmed using the software Nastran [11] by
comparison of natural frequencies and mode shapes.
Beam finite elements with two nodes and unconnected
finite element degrees of freedom Ty (displacement
parallel to x axis) and Rz (rotation parallel to z axis, see
figure 1) and an option of coupled mass are used. After
confirmation of convergence of the results, 50 finite
elements of the same size is used for modelling of the
beam which gives, approximately, 10 finite elements
along one mode shape peak of the highest mode shape.
Point mass with 0.01 kg is positioned at 36. node (on
coordinate x=0.32 m) and natural frequencies are
calculated. In table 1, a good agreement between
analytical results calculated from zero points of
equation (16) and expression (11) (see figure 2) and
Nastran results can be seen.

The described approach gives exact natural
frequencies and mode shapes for 1-st to 5-th mode
shape, but the error is observed for 6-th and higher
mode shapes. The values of equation (16) whose zero
points give natural frequencies start to oscillate (see
figure 5) which grows for higher natural frequencies.
This error is caused by a numerical overflow [9] which
appears in expressions (14) and (15) because hyperbolic
functions with high values are in ratios.

Figure 4. Mode shapes 4.-6. calculated with expressions
(13) and (29) (____) and with Nastran (*).

Table 1. Natural frequencies

Natural
frequency
No.
1.
2.
3.
4.
5.
6.

Analytic
expressions,
Hz
2.55
17.01
44.65
92.85
156.25
217.88

Nastran, Hz
2.55
17.01
44.65
92.85
156.24
217.86

In figures 3 and 4 a good agreement between mode
shapes calculated with (13) and (29) and with Nastran
can be seen.

Figure 3. Mode shapes 1.-3. calculated with expressions
(13) and (29) (____) and with Nastran (*).
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Figure 5. Value of function (16) around zero point of 5-th
natural frequency

As a result a group of incorrect natural frequencies
can be calculated in the vicinity of the exact natural
frequency (see figure 6).

Figure 6. Value of function (16) around zero point for 6-th
natural frequency
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Furthermore, it was shown that with reduction of the
point mass the natural frequency of the beam with point
mass converge toward natural frequency of beam
without mass (see table 2).

influence on response because its frequency (44.65 Hz)
is close to excitation frequency (45 Hz).

Table 2. Values of natural frequencies with reduction of
point mass

Natural
frequency
No.
1.
2.
3.
4.
5.
6.
4.

Natural frequencies of beam
with point mass, Hz
0.01 kg 0.001kg 0.0001kg
2.55
2.75
2.77
17.01
17.35
17.39
44.65
48.18
48.66
92.85
95.09
95.43
156.25
157.61
157.8
217.88
233.04
235.47

Beam
natural
freq., Hz
2.78
17.4
48.72
95.47
157.81
235.73

EXAMPLE 2

The objective of example 2 is the comparison of
numerical and analytical results of equation (27) i.e. the
function of modal coordinates and comparison of
dynamic response without damping calculated by mode
superposition method and by direct transient method
with Nastran [11].
The harmonic transversal force have the amplitude 1
N and frequency of 45 Hz which is more than four times
lower than the highest calculated 6-th natural frequency
(217 Hz) in order to get more accurate results [9]. Force
is acting at 23. node (on coordinate x=0.2 m). Good
agreement of results for function of modal coordinate
can be seen on figure 7 which confirms the accuracy of
analytic solution.
An overflow also occurs in the function of modal
coordinates but it can be avoided by the procedure
explained in [9].

Figure 8. Dynamic response of undamped beam at node 46.
calculated with expression (17) (___) and with software
Nastran (*)

Figure 9. Dynamic response of damped beam calculated
with mode superposition method (___) and with Nastran(*)

5.

Figure 7. Comparison of 1.(+), 2.(o) and 3.(*) function of
modal coordinates calculated by numerical solution of
differential equation (27) and by expression (28) (___)

In this example beam dynamic response in node 46.
(at coordinate x=0.41 m) is also calculated using mode
superposition method and by direct transient method in
Nastran [11] and calculated results are in good
agreement which can be seen on figure 8. Function of
modal coordinate for 3. mode shape have largest
FME Transactions

EXAMPLE 3

The objective of example 3 is the comparison of results
of dynamic response for damped beam by using mode
superposition method with results of software Nastran.
Overall structural damping coefficient G is used in
Nastran for definition of damping in direct transient
method. Structural damping is connected with
displacement and it has constant value e.g. it does not
depend up on frequency. In presented theory of mode
superposition method we use Rayleigh damping which
depends up on frequency. With the aim of comparing
analytic results with Nastran, we will use the equivalent
viscous damping to define G. Equivalent viscous
damping grows linearly with the frequency and it can be
equal with Rayleigh damping if Rayleigh mass
proportional coefficient is equal to zero. In that case
overall structural coefficient G can be calculated from
the value of Rayleigh stiffness proportional coefficient
VOL. 45, No 3, 2017 ▪ 371

(e.g. β=0.001 in this example) and first natural angular
frequency ω1 [11] from expression:

G = 2ξi = βω1 .

(29)

The setup parameters in direct transient analysis in
Nastran are f1=W3=2.5492 Hz and G=0.016. At figure 9
an transversal dynamic response at node 46. can be
seen.
6.

CONCLUSION

In this paper an analytic expression for dynamic response
to transverse harmonic force of Euler-Bernoulli cantilever
beam with the point mass is defined. A procedure for
defining natural frequencies, mode shapes and functions of
modal coordinates is described and results are used in the
modal superposition method.
Expressions for natural frequencies are tested by
reducing the point mass, whereby natural frequencies
converged toward natural frequencies of cantilever
beam without point mass, which is a confirmation of
expressions accuracy. During the analysis of natural
frequencies it is observed that error occurs when higher
natural frequencies are calculated. Errors are caused by
numerical overflow which appears because hyperbolic
functions with high values are in ratios.
In this paper damping is defined with Rayleigh's
theory whereby it is possible to calculate uncoupled
functions of modal coor–dinates, which is described in
detail. For confirmation of the results a software based
on finite element method was used (Nastran). Structural
damping for the direct transient method in Nastran was
defined from equivalent viscous damping which
correspond to Rayleigh stiffness proportional damping
while mass proportional damping was set to zero. All
calculated results are in good agreement.
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ДИНАМИЧКИ ОДГОВОР НА ХАРМОНИЧНУ
ПОПРЕЧНУ ПОБУДУ КОНЗОЛЕ EULERBERNOULLI СА КОНЦЕНТРИЧНИМ
МАСАМА
А. Скоблар, Р. Жигулић, С. Браут, С. Блажевић
У овом раду приказан је прорачун динамичког
одговора на хармоничну попречну побуду конзоле
Euler-Bernoulli са концентричним масама, методом
режима суперпозиције. Метод суперпозиције користи
режиме облика и координата функције које су изра–
FME Transactions

чунате одвајањем променљивих и Лаплас трансфор–
мацијама. Тачност дефинисаних израза су потврђени
на примерима са и без Raleigh пригушења. Сви резу–
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лтати су у сагласности са резултатима комерцијал–
них софтвера на основу метода коначних елемената.
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