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Theoretical Model of High-Speed
Tracked Vehicle General Motion

This paper presents a systematically derived theoretical model for the
motion of tracked vehicles, encompassing various scenarios such as soft
terrain and slopes. The model considers all the resistances encountered by
tracked vehicles, including track-terrain interaction, grade and air
resistance, centrifugal force, inertial forces, and turning resistance. The
heading angle determines the geometrical orientation of the vehicle on the
slope. A MATLAB model of tracked vehicle general motion was established
based on theoretical discussions. The paper discusses the steering
performance of tracked vehicles on slopes of different inclinations. A
simulation of steering with different turning radiuses was also presented. It
is shown that the proposed model can be used for predicting and
evaluating the steering performance of tracked vehicles with adequate
accuracy. Furthermore, due to its high computational efficiency, the
proposed model can be utilized for power demand modeling in research on
the hybridization or electrification of tracked vehicles.
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1. INTRODUCTION

Tracked vehicles have a wide application ranging from
construction and agriculture to military and mining.
Steering of a tracked vehicle can be done using various
methods, such as curved track steering and articulated
steering, but the most widespread and notable is skid-
steering. In skid-steering, the turning motion of the
tracked vehicle is performed by achieving a difference
in the speed of the inner and outer track. In this way,
steering affects traction performance, i.e., forces on
tracks, resultant resisting force, and the moment of the
turning resistance.

Many studies on the mobility of tracked vehicles
have been performed so far. The initial research on
steering characteristics was presented by Steeds [1],
who clarified the skid-steering mechanism, derived
equations of motion, and set a foundation for
subsequent studies on this topic, but made an
assumption that the forces generated between the tracks
and terrain obey the Coulomb law of friction which
turned out incorrect. Bekker [2] established a
connection between pressure and sinkage using the
bevameter technique. Later on, relaying on Bekker's
work, an empirical relation establishing the shear stress
— shear displacement relationship was derived [3].
Using this relationship, a general theory for steady-state
skid-steering on firm ground was established [4]. Using
the general theory, the lateral coefficient of friction can
be quantitatively determined as a function of the turning
radius without the need for the use of empirical
relations. Transient skid-steering models were
developed relying on general theory [5,6]. In these
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papers, equations for track slip were derived for
discretized tracks and numerically integrated to obtain
track forces for vehicles on firm ground.

However, to the best of author's knowledge, only
research that has studied lateral and longitudinal
dynamics of tracked vehicles on slopes [7] deals with
steering of articulated tracked vehicle and, as such, is
very complex. Also, most other flat terrain skid-steering
models are very complex, some of which deal with track
tension and wheel-track interaction besides track-terrain
interaction [8]. Numerical calculation of such models is
computationally very burdensome. Different simplifi—
cations are presented in the literature, e.g., introducing
imaginary wheels and eliminating track chain [9],
considering steady-state turns only [10], or appro—
ximating the multibody model with single body model
[11], but these skid-steering models remained computa—
tionally demanding.

While hybrid propulsion systems have been very
common in wheeled vehicles for many years [12], only
recently has the hybridization of tracked vehicles gained
interest [13-15]. With this increased interest in the
hybridization and electrification of tracked vehicles and
emerging autonomous tracked mobile robots, the need
for computationally inexpensive yet high-fidelity skid-
steering models is increasing. Many researchers create
their own models with the goal of analyzing the impact
of hybridization on fuel consumption. Since tracked
vehicles operate over a variety of terrains, for such
models, it is crucial to include all aspects of tracked
vehicle movement, including traveling over a slope and
soft terrain, while being computationally efficient for
long and repetitive simulations. The motivation for this
work stems from the mentioned fact and the general
lack of research on all-round models encompassing all
terrain conditions while being computationally inex—
pensive.

This paper aims to derive general motion equations
that would be efficient, simple, and applicable to all
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driving conditions, including skid-steering on a slope,
which hasn't been well presented in the literature.

2. BASICS OF TERRAMECHANICS

For the purpose of determining the shear stresses in the
zone of track-terrain interaction, the shear stress-shear
displacement relationship is used. Regardless of the size
of the displacement, the size of the shear stress is a
finite value and has its maximum, which is determined
by the Mohr-Coulomb law, more often called just
Coulomb's law, which states:

Thax =C+Otang )

max

where T, 1S the maximum shear stress, ¢ is the terrain
cohesion, ¢ is the normal stress, and ¢ is the angle of
internal shearing resistance.

Coulomb law implies that the maximum shear stress
will be reached instantaneously as soon as the smallest
relative movement happens. However, experimental
data have shown that this is not the case. In reality, the
maximum shear stress will be reached when the
displacement reaches a certain value, as shown in Fig. 1.
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Figure 1. Comparison of theoretical and experimental shear
stress-shear displacement relation

Therefore, the empirical relation widely used today
was defined as:

T=1 1-e K )

where j is the shear displacement, and K is the shear
deformation modulus.

The shear stress-shear displacement relationship also
has its vertical counterpart called the pressure-sinkage
relationship. The most commonly used equation has the
following form [2]:

k
p=(7“+k¢jz3 3)

where z, is the sinkage, p is the pressure, b is the cone
radius, and n, k,, and k. are pressure-sinkage
parameters.

2.1 Resistances caused by track-terrain interaction

Resistance to motion due to track-terrain interaction
includes three types of resistances:
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- rolling resistance,

- compaction resistance and

- bulldozing resistance.
Rolling resistance can be expressed:

IL'::f}'(? )

where Q is the ground normal reaction, and f, is the
rolling resistance coefficient defined as [16]:

j} :.fb +_f;vf (5)

where f; and f; are empirical coefficients that depend on
the design of tracks, and ¥ is the vehicle speed.

The other two components are based on the estab—
lished pressure-sinkage relationship. If (3) is written as:

5 =| L ©)
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and assuming that track links are analogous to penet—
rating bevameter and that pressure is uniformly
distributed, this equation can be written down as:
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where b and / are the width and length of the track
contact surface. By integrating the pressure over depth,
the work done to compact the soil is obtained:

ok
W=b-1] " pdz =b~lj;0(7“+k¢Jz6’dz (8)

This equation combined with (6) gives:

n+l

b-1 G

If the work from (9) is represented as the product of
the traction force and the length of the track's contact
surface, the traction force will equal the resistance force
due to the terrain compaction due to the sinking.
Therefore, the resistance due to compaction can be
expressed as:

1

1 G\n

(n+1)~b"~[ﬁ;’”+k¢j"

Bulldozing resistance occurs on deformable soil
with significant sinkage. An accumulation of soil is for—
med in front of the tracks, which acts as resistance to
motion. This force is expressed as [17]:

2
Ry =be(e0 K, 405055 7, K, ) (11)
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where c is the terrain cohesion, y, is the specific weight

of terrain, and K, and K,,, are terrain capacity factors.
Finally, total resistance due to the track-terrain

interaction, i.e., the total road resistance, is obtained as:

R, =R, +R.+Ry (12)
3. LONGITUDINAL MOTION

Air resistance is often neglected in tracked vehicles due
to low speeds. However, for high-speed vehicles with
maximum movement speeds of over 60 km/h, air re—
sistance significantly impacts total resistance. Air
resistance is defined as:

R

aero

_Cpp, VR% (13)
2
where Cp is the aerodynamic drag coefficient, p is the
air density, and 4 is the vehicle frontal area.
In addition to air resistance, grade resistance can
have a very large influence due to the large mass of
tracked vehicles. Grade resistance is defined as:

Ryrade = G-sina =mg -sina (14)
where a is the road slope angle, when considering a turn
on a slope, the grade resistance will be multiplied by a
factor that takes into account the heading of the vehicle
(heading angle), which defines the geometric orientation
of the vehicle on the slope.

The vehicle's inertia and all rotating elements cause
the appearance of inertial forces that oppose propulsive
forces per the Lagrange-D'Alembert principle. The
inertial force arising from the vehicle's mass is
inherently included in the equation of motion. On the
other hand, the inertial forces of the rotating elements in
the kinematic connection with the sprocket wheels are
not included. They can be modeled as special sub-
models of transmission. Still, in vehicle dynamics
theory studies, they are generally introduced together
with translation inertial forces and, most often, through
the mass coefficient[18].

R, =6 -ma (15)

where J is the mass coefficient. An empirical formula
related to tracked vehicles that define mass coefficient is
proposed [19]:

5=1.2+0.0025-i2 (16)

where i, is the total transmission ratio.

Note that the previous calculation of inertial forces
is simplified because it was assumed that there are no
transmission losses and that there is only one power
flow. For energy efficiency analysis, other models could
be created.

4. LATERAL MOTION

The turning behavior of a tracked vehicle depends on
the size of the propulsive forces of the outer F, and
inner F; track, the resultant resistance force R,,;, and the
moment of turning resistance M, created as a result of
the soil's resistance to deformation. Along the entire
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contact surface of the tracks in the lateral direction,
there are turning resistance forces that are proportional
to the weight of the vehicle (Figure 2):

s=p— (17
where u is the coefficient of lateral resistance which

depends on the type of soil, design of the track chain,
and turning radius.
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Figure 2. Forces acting on tracked vehicles during turning

The total moment of turning resistance is obtained as
follows:

l
G (- G-l
—yy—17»2 = y_"
M, =u z.zjo xde = = (18)

This equation is valid for uniform pressure distri—
bution and flat terrain. Other cases will be derived in
later text.

Coefficient of lateral resistance

Based on (17), it can be concluded that the coefficient
of lateral resistance u represents the proportionality
coefficient between M, and G//4, i.e., it is equivalent to
the lateral coefficient of adhesion (friction). In the past,
a constant value was often adopted for a certain type of
base; however, constant values of the coefficient of
resistance to turning did not give realistic solutions [20].
In this paper, an empirical formula will be used [21]:

a+(1—a)~(R+;)

B

where p,, is the maximum u at R = B/2, R is the
theoretical turning radius, and a is the empirical
coefficient (0,85 or 0,925 depending on the steering
mechanism). Using (19), the coefficient of lateral resis—
tance can be calculated for different values of the
turning radius. Using the general theory and experi-
mental data obtained from the literature [1,4], Figures 3
and 4 were created, which show a comparison of the
proposed coefficient of lateral resistance to data
obtained from the literature.

The proposed empirical formula achieves a high
agreement with the experimental data. The general
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theory gives a slightly higher degree of matching for
greater speeds (Figure 4), but the mathematical model is
significantly more complicated and computationally
burdensome.
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Figure 3. Comparison of coefficient of lateral resistance
obtained with the proposed method, Wong's general
theory, and experiment at lower speeds

4.2 Turning resistances

In the case of high-speed tracked vehicles, such as
military-tracked vehicles, turning can be performed at
very high speeds, and the centrifugal force cannot be
ignored. Accordingly, the derivation of the
mathematical model will be performed with the
following assumptions:

- The ground is firm — consequently, compaction
and bulldozing resistances in the lateral direction
are negligible.

- Pressure distribution is wuniform — assuming
another pressure distribution (trapezoid, dual-
trapezoid, etc.) is possible, but this results in an
unnecessary complication of the mathematical
model.

- Centrifugal force is not negligible and is taken
into account — this assumption implies taking into
account the centrifugal force, which can have a
significant effect on the moment of turning
resistance, especially at high speeds or very small
turning radiuses.

Suppose that the tracked vehicle travels on the slope

that forms angle a with the horizontal plane. When

executing a turn, the vehicle changes the heading

(direction) defined by the angle w = [0°, 360°]. The

zero-heading angle is the initial movement heading

along the slope, as shown in Figure 5. In addition to the
already defined resistance forces, the vehicle is also
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affected by the centrifugal and weight forces. These
components depend on the angle of slope and the angle
of course. In accordance with the introduced assump-
tions, it is considered that the pressure distribution is
always uniform.

By changing the heading angle v, the longitudinal
and lateral components of the weight force appear,
which are calculated as:

X =G -sinasinyY =G6G-sina cosyy (20)

In the case of a turn, as illustrated in Figure 5, i.e., to
the left (negative side) of the heading angle, the weight
force components have directions as in Figure 6.
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Figure 4. Comparison of coefficient of lateral resistance
obtained with the proposed method, Wong's general
theory, and experiment at higher speeds

Figure 5. The general case of tracked vehicle motion on
grade

Assuming uniform pressure distribution and constant
4 along the entire length of tracks, in order to meet
equilibrium conditions in the lateral direction, the sum of
the turning resistance forces, the centrifugal force, and the
lateral component of the weight force need to equal zero:
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Since the turning radius R is usually significantly
larger than contact length /, # can be approximated as
cosf = 1. After calculation and rearranging:
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Figure 6. The general case of motion — back and top view

As a consequence of turn center offset, the corres—
ponding moment of turning resistance has three compo—
nents - the moment created by forces of turning resis—tance,
the moment created by centrifugal force, and the moment
created by the lateral component of the weight force:

2 b
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Combining this equation with (22) gives:
9 \2
sinasiny ———

Mr:y~(;cosa~l 1— g R

(24)
4 Hcosa

When considering the transient motion, the moment
of turning resistance needs to be reduced for rotational
inertia factor -7, - ¢ where I, is the yaw moment of
inertia, and ¢ is the angular acceleration.

5. GENERAL MOTION EQUATIONS

Generalizing the equations, i.e., assuming that the motion
is carried out on soft terrain and at a variable speed, it is
possible to derive general motion equations. The force on
the outer and inner tracks are given as (25) and (26) on
the bottom of the page spread out for clarity.
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In equations (25) and (26), the first three terms on
the right side represent the resistances arising from
track-terrain interaction. Note that the normal reaction is
modified due to the load transfer. The second and third
terms do not depend on the slope of the terrain and the
heading angle. The fourth and fifth terms are the longi—
tudinal forces resulting from the effect of centrifugal
force and the slope of the terrain, and the sixth and
seventh terms are the acceleration and air resistance.
The eighth term is the moment of turning resistance.

Derived equations enable describing the motion of a
tracked vehicle in all possible conditions, including
transient motion, deformable ground, and motion on a
slope which, coupled with computational inexpensi—
veness, makes these equations unique in the literature.

6. MODEL PERFORMANCE AND ANALYSIS

A general motion model was established in MATLAB
based on the derived equations. A case of turning on the
slope was considered in accordance with Figure 5. The
tracked vehicle starts to turn from the reference
position, i.e., from the straight uphill direction. Figure 7
and Figure 8 show forces on tracks during a 360-degree
turn. The ground is assumed to be firm, the speed is
constant, and the turning radius is constant and smaller
than the free turning radius R, (Figure 10).
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Figure 7. Inner track forces during turning on a slope
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Figure 8. Outer track forces during turning on a slope

As shown in Figure 7 and Figure 8, when turning on
a slope, the forces on the tracks change significantly. At
the maximum slope angle of a = 30°, both tracks exhibit
braking forces in the range y = [100° to 250°]. Force on
the inner track is negative for smaller o for the entire
range of w which is in agreement with the vehicle
dynamics theory, which states that at small R the force
on the inner track is negative. For a > 20° force on inner
track is positive for y = [-70°, 70°] due to grade
resistance force, which increases in intensity with a.

The decrease in force intensity when turning down a
slope is due to the lateral force that creates a moment
opposite to the moment of turning resistance, while the
opposite case is present when turning upwards. A
steering mechanism constructed with friction elements
would not be able to achieve turns similar to the
presented one due to the variability of the forces on the
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tracks. The sharpest rate of change of inner and outer
track forces is exhibited in the range of y = [100° to
250°] due to the vehicle's weight, namely its lateral
component, which increases sharply in that range.

5
3 x10 .

Outer track max. adhesion force

Force [N]

E F ata=0°]
ARy =
4.
. 4t +
2F e .
Inner track max. adhesion force

0 50 100 150 200 250 300 350 400 450
Heading Angle [°]

Figure 9. Inner and outer track forces at a = 20° compared

to maximum adhesion force and flat terrain forces

The closer the heading angle is to y = 180°, the
lower the force on the outer track, even becoming
negative for very large slope angles. This happens due
to the grade resistance force, which, with such orien—
tation of the vehicle, acts as a propulsive force.

However, Figure 9 shows that at an angle of a = 20°,
slippage of the tracks is possible. With an increase in
the slope angle, turning becomes impossible, which co—
incides with empirical findings from the literature [21].
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R . . . . . . .
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Figure 10.Inner and outer track forces at varying turning
radiuses

When simulating a turn with different turning
radiuses, forces on tracks change accordingly, as shown
in Figure 10. Force on the outer track increases in
intensity, while the force on the inner track decreases,
and at radiuses smaller than free turning radius (R < Ry)
becomes negative (braking force). This is due to the
moment of turning resistance, or the coefficient of
turning resistance, to be more specific. As the turning
radius gets smaller, the moment of turning resistance
increases in intensity, which causes the mentioned
phenomenon.

7. CONCLUSION

This paper presents a systematically derived theoretical
model for describing the motion of a tracked vehicle
applicable to all possible conditions, including transient
motion, soft terrain, and slopes. Special emphasis was
given to modeling steering on slopes due to the existing
research gap.

The theoretical model encompasses resistances
arising from track-terrain interaction, grade and air
resistance, resistance arising from centrifugal force,
inertial forces, and moment of turning resistance. For
the coefficient of lateral resistance, an empirical formula
was used, the validity of which has been confirmed by
comparison with experimental data from the literature
and widely recognized Wong's general theory. The
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heading angle determines the geometrical orientation of
the vehicle on the slope.

A general motion model was established in
MATLAB based on the derived equations. The steering
performance of a tracked vehicle on the slope of varying
inclination is discussed using the established model. It is
shown that the proposed model can be used for
predicting and evaluating the steering performance of
tracked vehicles with adequate accuracy. Moreover, due
to being computationally very efficient, the proposed
model can be used for power demand modeling in
research on the hybridization or electrification of trac—
ked vehicles. By utilizing information about the soil's
basic characteristics and the intended route of the vehi—
cle, the required power can easily be determined. Such
fast simulation will significantly reduce the time for
drivetrain design iterations or the ability to implement
online algorithms for power demand prediction.

Further work will focus on the unified modeling of
hybrid and electric tracked vehicles and the creation of
complete, scalable, and efficient models for analyzing
and designing such vehicles.
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NOMENCLATURE

maximum shear stress

c terrain cohesion

c normal stress

D angle of internal shearing resistance.

J shear displacement

K shear deformation modulus

Z sinkage

p pressure

l track contact surface

b bevameter (track pad) width

n, ko, k. pressure-sinkage parameters

Q ground normal reaction

f; rolling resistance coefficient

fo, £ empirical coefficients
vehicle speed.

Vs the specific weight of terrain

K, K,, terrain capacity factors

Cp aerodynamic drag coefficient
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air density

vehicle frontal area

road slope angle

mass coefficient

total transmission ratio
coefficient of lateral resistance
theoretical turning radius
track contact width
empirical coefficient
heading angle

moment of turning resistance
yaw moment

angular acceleration

work done compacting soil
compaction resistance
bulldozing resistance
rolling resistance

total road resistance

air resistance

grade resistance
acceleration resistance
turn center offset

outer track force

inner track force
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TEOPUJCKHU MOJEJI ONITEI CIYYAJA
KPETAIBA BP30XOJHUX I'YCEHUYHUX
BO3MJIA

C.B. Musuhesuh, U.A. Baarojesunh

Y 0BOM pajly je NpEe3eHTOBaH CHCTEMAaTCKH H3BEACH
TEOPHjCKH MOJIET 332 KpeTame I'yCEHMYHUX BO3WJIA, KOJU
oOyxBara pa3iIM4uTe ClydajeBe Kao mTo cy nedopma—
OwiHM TepeH W HarmOw. Mojen y3uMa y o03up CBe
oTIope ca kKojuMa ce cycpelly TyceHnYHa BO3WIIa, YKIbY—
yyjyhu oTmope ycien MHTEpakije T'yCeHHIa-TIOAJIora,
YCIIOH ¥ OTHOP Ba3myxa, UeHTPH(YTAJIHY CHITY, HHEPLH—
jayiHe cuiie M OTIop 3aoKkpery. ['eomerpujcka opHjeH—
Talyja Bo3uia Ha HaruOy oxpelhyje ce yrimom xypca. Ha
OCHOBY TEOpPHjCKUX pa3MaTpama, passujed je MATLAB
MO/IEJT OIIITEr KpeTama r'yce—HUYHOT Bo3ua. Y pany ce
pa3marpajy nepopMaHce yrpaBibara I'YCCHUYHHUX BO—
3WiIa Ha YCIIOHY pasiuuuror yria HaruOa. [lopex Tora,
NpHKa3aHe Cy W CHMYyJalMje YNpaBjbarba MPU Pasiii—
YUTHM pajujycuMa 3aokpera. [lokasaHo je ma mpemro—
JKeHH MOJe] MOke OuT KopuinheH 3a mpensubame U
olCHUBaKkEe NEepPOPMAaHCH yIpaBjbakha TI'yCEHHYHHX
BO3MIA ca oaroBapajyhom npernmsHomthy. logaTHo, 300rT
CBOj€ BHCOKE padyHCKE €()HUKACHOCTH, NPEII0O—KECHH
MOJIEN C€ MOKE€ KOPHUC—THTH 338 MOZCIUPAE OTPOIIEHES
eHepruje NpH HUCTPOKHBaBY XHOpHIM3aAlMje WK
eNeKTpU(HKaIHje T'yCEHUYHUX BO3MIIA.
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