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The development of different machining procedures requires the exact
mathematical description of those. This is especially important in finishing
procedures, where the final geometry and surface characteristics of the
parts are produced. In this paper, three high-feed turning procedures are
analysed: skiving turning, tangential turning, and rotational turning. All
three promise the creation is ground-like surfaces with low roughness
characteristics, while reaching high values of productivity. The analytical
determination of these procedures is carried out by the application of
constructive tool geometric modeling. After the analysis of the kinematic
and geometric relations of each procedure, the proper coordinate systems
are defined. The transformational equations are determined, which
describe the geometric boundary conditions and the movement of the
workpiece and the tool. In the next step, the equation of motion is defined
for the three studied procedure. Finally, the one variable equation of the
cut surface section in the base plane is determined. Experiments were also
carried out, which validated the achieved results.
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1. INTRODUCTION

The main machining procedure in the manufacturing of
outer cylindrical surfaces is turning, where — in the
traditional case — the tool performs an axial or radial
feeding movement in addition to the rotating main
movement of the workpiece [1]. The use of single-
edged tools is an advantage because the size and shape
of the surfaces are not limiting its application in the
industry. However, the point-like contact of the tool
nose and the adjacent section of the cutting edge is also
a disadvantage because the tool wear is concentrated in
this point thus limiting the tool life [2]. Furthermore, the
heat load will be higher in this small section [3].

Due to the kinematic and geometric relations of the
turning procedure, the surface-generating point of the
cutting edge describe a helical curve on the workpiece
machined surface, generating a periodically changing
profile. Felhé and Varga showed, that increasing the
feed rate leads to a more orderly generated surface [4].
There can be also problem with the roughness changes
locally in surfaces with untraditional geometries, as
shown by Matras et al. in their study of curvilinear sur—
faces [5]. These can be limiting factors in the appli—
cation of turning as finishing procedure, therefore there
are many ongoing developments to lessen these effects.
An important factor is the cutting time and tool wear
rate, where both of these should be minimalised simul—
taneously [6]. However, in turning of hard surfaces,
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higher heat is produced, which causes increased tool
wear on the cutting tool [7]. In the application of hard
tool materials different compositions should be used for
different applications, which requires further optimi—
zation [8]. Among lowering the cutting time there is the
need for increasing the material removal rate in different
machining procedures [9]. If the achievement of high
material removal rate, low surface roughness and low
tool wear rate is necessary, then the depth of cut is the
most important factor, which is followed by the cutting
speed and feed rate [10]. The search for reduction of the
disadvantageous attributes of turning, while preserving
its beneficial characteristics, can lead to that kind of
procedure variants, which can increase the usability of
the traditional lathe machine tools by the application of
novel geometrical or kinematical rela—tions. The study
of these procedures can result that kind of solutions
which means small investment; however, higher
productivity, better surface quality, and higher energy
efficiency are achievable.

In the last decades, the main development directions
of the machine tools were the following as shown in the
work of Byrne et al. [11]: powerful high frequency work
spindles, innovative drive systems, roller or ball type
linear guideways, lightweight materials and const—
ructions, innovative kinematic concepts, sensors and
actuators providing process stability. These directions
can be seen in the field of development of turning
procedures. This study is focusing on those novel
turning procedures, which can provide high productivity
while also capable of producing surfaces with high
quality. To achieve these goals, special geometric or
kinematic relations should be applied between the
workpiece and cutting tool. The former is manipulated
in the simplest way by altering the cutting edge
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geometry. The edge design has a great impact on the
machining process [12], since the shape, size and
position of the cutting edge affect the micro- and
microgeometry of the generated surface, the cross-
sectional area of the chip and the cutting forces [1].
Therefore, the modification of the geometrical and
kinematical relations in already existing procedures can
lead to good results with small alterations [13]. In tra—
ditional turning, better surface roughness can be
obtained at high cutting speed and lower feed rate [14].
However, by increasing the inclination angle and choo—
sing a proper cutting tool, the surface quality can be
improved even in higher feed rates [15], while the tool
life and the friction coefficient between the tool and
workpiece will be also better [16]. The ratio of the
cutting force components can be altered in an advan—
tageous way [17].The change of the kinematic relations
means the alteration of the usually applied longitudinal
(axial) feeding motion. From the other two main feeding
directions, the radial movement of the tool limits the
machinable length of the workpiece and the cutting tool,
while the tangential movement (with the possible
combination with axial movement) has a wider appli—
cation range.

From the several turning procedures, where higher
inclination angle (4> 10°) is usable and applied, three
variants became the focus of my studiesdue to their
similar characteristics and interesting attributes. In this
paper the following high-feed turning procedures are the
following procedures are presented and analysed:
skiving turning [15], tangential turning [18], and
rotational turning [19].

Skiving turning (Figure 1) is the most similar to
traditional turning among the three procedures. In this
case a longitudinal feed is applied, but the tool position
is different due to the relatively high inclination angle. It
can be applied on traditional turning machine tools;
however, rather high run-in and run-out sections must
be kept on the surface.

The applied cutting tool is very similar in tangential
turning to the previously described skiving turning, as it
can be seen in Figure 2. However, as the name of the
procedure suggest, in this case the feed rate is tangential
directional to the workpiece outer. To achieve this kind
of feeding movement, a particular lathe is needed,
where tool movements can be programmed in all three
directions (since on the traditional lathes the feeding
movement can only be programmed in one plane). Still,
this kinematic relation makes it possible to machine
such outer cylindrical surfaces, where there is no space
for the tool run-in and run-out.

The third studied high-feed turning variant is
rotational turning. The basic layout can be seen in
Figure 3. The special characteristic of this procedure is
its complex turning tooland unique feeding movement.
The cutting edge describes a helical curve, which pitch
angle represents the inclination angle. The material
removal is done by the rotational movement of the tool.
It is important to mention, that the revolution speed of
the workpiece must be significantly higher than the
revolutions of the tool, otherwise discontinuous chip-
removal will occur, and the process will be closer to
milling, than turning.
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Figure 3. Rotational turning [21]

The common characteristic of these procedure
variants is the applied relatively high value of the
inclination angle. The projection of the cutting edge in
the base plane becomes different from the usually
common shape in traditional turning, which results in a
wider and shallower shape of the roughness profile
valleys. In theory, this should lead lower surface rough—
ness at the same feed rate compared with traditional
turning [16]. The special kinematic relations in tan—
gential and rotational turning (the tangential and the
circular feeding movement) enable the application of
high feeds. To thoroughly study these procedures, a
proper mathematical description of the material removal
process is necessary. In this paper kinematical model of
these high-feed turning procedures are determined and
the analytical description of the cut surface is also
worked out. The analysis of the theoretical values of the
machined surface roughness, the uncut chip cross-
section, machining time, and efficiency becomes pos—
sible by the determination of the kinematical model and
the formulation of the equations of motion of these
procedures. The results of this paper are the basis of the
deeper analysis of skiving turning, tangential turning
and rotational turning.
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2. CONSTRUCTIVE GEOMETRIC MODELING

A machining procedure can be studied experimentally
and analytically in many ways; therefore, the first step is
the picking of the right method to establish the basis for
the further theoretical studies. In the following chapter I
present the constructive geometric modeling, which is
widely used by the constructive design and techno-—
logical planning as well.

The geometrical and analytical apparatus of mat—
hematics are applied in a long time for the description
and determination of complex connection cases both in
the designing of machine parts and the planning of
manufacturing processes. The work of Litvin should be
considered a foundational work in the international
literature for the determination of workpiece surfaces
[22], by which complex surfaces can be easily deter—
mined for the practiceby the application of differential-
geometry and kinematical method.

The kinematic method deepened further also by
Perepelitsa enhancing the mathematical apparatus of
multi parameter mappings of affine space [23], which
become capable of the mathematic-analytical determi—
nation of shaped cutting tools [24] and the analysis of
the geometric relations during cutting [25]. The combi—
ned description of the cutting edge movement and the
cutting speed vector makes it possible to study the
angles [26] and other edge geometrical elements [27].

Hsieh showed that by the application of constructive
geometric modeling, the cutting capability of the tools
can be analysed [28]. By the application of kinematic
modeling, the calculation and correction of the geo—
metrical errors of 5D gear profile grinders [29] and
machining centres [30] are possible. Dudas created and
improved a mathematical model for the geometric
description of worm gear drives [31-32]. Bodzas applied
the presented kinematical method to create a mathe—
matical model for the technological analysis, researches
and designing milling technology for the spline shaft
[33], and to modify the position of the tool in
comparison with the workpiece in face milling [34].
Balajti et al. developed a function description of the ad—
justment parameters of the post-sharpened hob to
support production accuracy of the mated gear [35]. The
study of undercuts [36] is also possible with the
constructive geometric modeling, which undercuts can
be mapped for example in the case of a helical drive
with a circular profile in the axial section by taking into
account the mutual influence of the relationships of the
interacting mathematical parameters [37]. Balajti also
developed a new mathematical procedure for positi—
oning the CCD cameras with mathematical precision to
ensure that the cutting-edge curve can be reconstructed
from digitized images for wear measurement [38].

It can also be seen from this brief review of the
international literature, that the constructive geometric
modeling completed with the kinematic method is
capable in the modeling and determination of complex
geometric relations. Its main characteristic is the
specification of the surfaces with vector equations. The
essence of the method is the determination of
appropriate coordinate system, in which the different
geometric objects can be given by these vector equ—
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ations. Transformational equations must be written
between these coordinate systems, which equations
contains the kinematic motion of the described geo—
metric objects. The solving of the resulting equations
under different boundary conditions will lead to the
exact mathematical description of the studied subject.
Therefore, in the analysis of machining procedures, the
following steps must be followed:

1) geometrical and kinematical analysis,

2) definition of the needed coordinate systems,

3) characterization of the transformational equations,

4) specifying the vector equation of the cutting edge,

5) determination of the equation of motion.

In this paper, these tasks are performed to deter—
minate the machined surface analytically for skiving
turning, tangential turning, and rotational turning. The
mathematical description of the produced workpiece is
the basis of the future studies of these high-feed turning
procedures.

3. GEOMETRIC AND KINEMATIC ANALYSIS OF
THE STUDIED PROCEDURES

The basis of the proper application of constructive
geometric modeling in the manufacturing science is the
throughout analysis of the procedure to be described to
reveal the geometric and kinematic relations between
the cutting tool and the workpiece. Therefore, the first
step in this study is the examination of the procedures
and the determination of the markings of the later to be
used geometric and kinematic parameters. In this
chapter the skiving turning, tangential turning and
rotational turning is analysed.

L, !
n“’
workpiece ~
T 60
Via
L ¥ tool
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- /?Q linear

5 cutting edge
workpiece

Figure 4. Schematic figure of skiving turning

Skiving turning is described according to Figure 4.
Here it can be seen, that the kinematic relations are
similar to traditional longitudinal turning: the workpiece
does an axisymmetric rotary motion (n,,), which results
the main cutting movement; while the cutting tool
moves on a linear path parallel to the axis of the work—
piece (v;,), which results the secondary feeding move—
ment. The cutting tool consist of a working part, which
is usually a turning insert, and a tool holder. The
geometry of the cutting edge is a straight line which
forms a pair of skew lines with the symmetry axis of the
workpiece.
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Figure 5. Schematic figure of tangential turning
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Figure 6. Schematic figure of rotational turning

The angle between the cutting edge and the base
plane is the inclination angle (4;). The extent of this
angle is needed to achieve proper chip removal and to
lessen harmful effects like vibration, which can be
expected with machining with parallel edged cutting
tool. The length of the workpiece (L,,) can be lower or
higher than the length of the tool projection on the base
plane (L,), however enough run-out length is needed
following the end of the workpiece to machine the
complete surface. The figure also shows the radius of
the to be machined surface (R,), the radius of the
machined surface (r,), and the depth of cut (a,), where
the following formula can be written: a, = R,, — 7.

Figure 5 shows the kinematic and geometric rela—
tions of tangential turning. The most important diffe—
rence from skiving turning is the direction of the
feeding movement. Here the cutting edge moves on a
path which is tangential to the cylinder defined by the
machined surface radius (r,), which results in the
feeding movement (v,,). The cutting movement is also
resulted from the rotary movement of the work—
piece (n,,). A significant limit in the application of
turning with solely tangential feeding movement is the
length of the projection of the cutting edge in the base
plane (L,), which must be higher than the length of the
workpiece (L,). Small runouts are also necessary on
both ends of the workpiece. The cutting edge is not
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parallel to the symmetry axis of the workpiece due to
similar reasons described before.

The kinematic and geometric relations of rotational
turning is described based on Figure 6.The main cutting
movement is done by the rotations of the workpiece (n,,)
in this procedure as well. The circular feed is resulted
from the rotation of the helical cutting edge (n,), which
axis is parallel to the symmetry axis of the workpiece.
The cutting edge moves into the workpiece material
during its slow, rotary movement, which causes the
material removal. The cross-sectional area of the chip
becomes constant when the cutting edge reaches the
plane defined by the axis of the helix and the symmetry
axis of the workpiece. The continuous chip removal
starts at this point which is characteristic for turning
procedures. If the length of the workpiece (L,) is
smaller than the length of the projection of the cutting
edge onto the base plane (L), then the previously des—
cribed circular feed is enough to machine the complete
surface of the workpiece. However, in case L, is smaller
than L,, this circular feed is not enough. The solution is
the application of additional axial feed rate (v,,), which
must be precisely synchronised with the rotary feeding
movement in order to machine the chosen outer
cylindrical surface. The depth of cut (a,) can be adjusted
by changing the axis distance (a,) between the
workpiece and the cutting tool.

Although these three high-feed procedures apply a
different kind of cutting tool or feeding movement than
what is usual in longitudinal turning in the machining of
outer cylindrical surfaces, it can be concluded from the
above analysis, that this variants also produces a
constant cross-sectional chip during the continuous
material removal in the most defining part of the
machining process (only exemptions are the run-in and
run-out phases, which can be neglected if the length of
the workpiece is high enough). However, due to the
special kinematic and geometric relationships between
the workpiece and the cutting tool, surfaces with better
quality can be expected than in traditional turning.

4. DEFINITION OF COORDINATE SYSTEMS

The next step — after the analysis of the procedures — in
the constructive geometric modeling is the definition of
the coordinate systems. In this mathematical description
the vector equation of the cutting edge is needed to be
determined, which will be transformed into the vector
equation of the cut surface. These transformations are
done by the determined transformation-equations bet—
ween the defined coordinate systems.

To start with, the number of coordinate systems
should be decided. The reviewing of the relevant
literature pointed out that it is practical to define 4
coordinate systems (CS). The first will be the initial CS,
in which the vector equation of the cutting edge should
be given. This will be linked to the tool, moving
simultaneously during the machining, therefore it is
called “Tool Moving CS” (K,,). The second CS is
linked to the machine and the transformation of the Tool
Moving CS into the current the previous and the current
will represent the feeding movement of the tool. This is
called “Tool Standing CS” (Ky).
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Figure 7. Coordinate systems and kinematic relations in
skiving turning
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Figure 8. Coordinate systems and kinematic relations in
tangential turning
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Figure 9. Coordinate systems and kinematic relations in
rotational turning

The third coordinate system will be linked to the
machine again, however it is connected to the work—
piece null point, therefore it is called “Workpiece
Standing CS” (K,,). The transformation between the
two standing coordinate systems will represent the
radial distance between the axes of the workpiece and
the tool (a,). The fourth coordinate system is linked to
the workpiece, however it is rotating with it, therefore it
is called “Workpiece Moving CS” (K, ). The trans—
formation between the standing and moving coordinate
systems of the workpiece will represent the rotary
motion of the machined part. In summary, two CS are
linked to the workpiece and two CS are linked to the
tool, from which 1-1 will be moving with its linked
geometric object, while 1-1 will be connected to the

FME Transactions

machine. The resulted coordinate systems can be seen in
Figure 7-9 for skiving turning, tangential turning, and
rotational turning respectively. These figures also
present the movements of the workpiece and the tool
among the defined CS. The rotation of the workpiece is
given by the angular speed (w,,) in all three cases, due to
its better usability in the mathematical deduction. The
circular feed is also given by its angular speed value
(w,) in rotational turning.

After the correct starting points of the coordinate
systems are chosen, further considerations should be
taken, which are either needed for the analytical
determination or helps the mathematical deduction.

&, mi, ¢ Greek letters represent the axes of a moving
CS, while x;, y;, z; Latin letters symbolize the axes of a
standing CS, where i = w— “workpiece” and # “tool”.
The ; and z; axes are parallel with the symmetry axis of
the workpiece. The base plane will be described by the
[x; z;] and [&; ] planes. The axis in a given CS should
form a right-wing coordinate system (which defines the
position of #; and y;). The & coordinate axis of the tool
and workpiece moving CS go through the surface
generating point (marked by “/”).

5. TRANSFORMATIONAL EQUATIONS

Afterwards the coordinate systems are established and
well defined for the studied high-feeding turning proce—
dures, the mathematical analysis continue with the next
step. In constructive geometric modeling, the transfor—
mation between the coordinate systems must be defined
in order to reach our goal. This transformation method
is explained based on Figure 10, which present a general
transformation between two coordinate systems.

Figure 10. Meaning of the transformational equation

Let r; vector — which refers to the P point — be given
in K; coordinate system, and its transformed r, vector is
sought in the K, coordinate system. In this case the
lattervector can be written as:

1 =Rgn +133 (D

where R ; is a matrix representing the rotation between
the two coordinate system, and #,; is a vector indicating
the translational movement between the origin points of
K; and K. There could be three possible arrangement of
variables in the rotational matrix according to the axis
of rotation. For example, the a degree rotation around
the z; axis will be written as(where R, ; is the marking
of the matrix of rotation around the z axis):

cosa —sina 0
R3) =|sina cosa 0 2)
0 0 1
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The translation vector takes the following for, in
case of a value movement in x direction, b value
movement in y direction and ¢ value movement in z
direction:

a

ta) =|b 3)

c

After the basics have been covered, the study gets to
the mathematical description of the transformational
equation. My goal is to give combined equations for
skiving turning, tangential turning, and rotational tur—
ning. The mathematical description of each procedure
can be deducted by the proper changing of the variables.

Firstly, the transformation between the moving and
standing coordinate systems of the tool is needed to be
defined. As it can be sawn in the previously done
kinematical analysis, 3 kinds of movement can occur in
these cases. The tool makes an axial movement in
skiving turning, tangential motion is presented in
tangential turning, and rotational and axial movement
occur in rotational turning. In order to describe these
movement mathematically, a rotational matrix and a
translational vector is needed:

Iis = Rts,tmrtm t s im 4

where r,, is the vector equation of the cutting edge in
the moving CS of the tool, ry is the resulted vector
equation in the standing CS of the tool; Ry is the
rotational matrix, and #4,, is the translational vector
between the moving and standing CS of the tool. The
rotation around the z, axis will be given by the
multiplication of the angular speed of the tool (w,) and
the time parameter (¢ € R ), which results in the angle
of rotation. Two kind of linear motion will be given in
the translation vector: the y, directional movement is
given by the multiplication of the tangential feed rate
(v,) and the time parameter, while the z, directional
movement is given by the multiplication of the axial
feed rate (v;,) and the time parameter. Due to the initial
[, distance between the two coordinate systems, this
value is also included in the latter movement. To sum
up the above, (4) takes the following form:

cos@,t —sinw,t 0 0
s =| sin@,t  cos@t 0 |n, +| vt %)
0 0 1 [

The second transformation happens between the sta-
nding coordinate systems of the tool and the workpiece.
There is no kinematical movement involved between
these two CS in the mathematical description, however,
there is a geometrical translation which represents the
radial distance between the z; axis of the workpiece and
the tool in the x; direction (where i=w and¢). This
transformation can be written in the form of the
following equation:

100 —a,,
Tws = Rws,tsrts +tws,ts =10 10 s+ 0 (6)
0 0 1 0
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where r,, is the resulted vector equation in the standing
CS of the workpiece; R, is the rotational matrix, and
t,ss 15 the translational vector between the standing CS
of the tool and the workpiece.

The third and final transformation between the stan—
ding and moving coordinate systems of the workpiece
represents the rotational movement of the machined
part. This contains two mathematical operators. One of
them is a rotational matrix, where the rotary motion
around the z,, axis will be given by the multiplication of
the angular speed of the workpiece (w,,) and the time
parameter (7), which results in the angle of rotation.

The other is a translational vector, where the initial /,,
distance is given in the opposite direction than before. It
must be added to the deduction, that this initial distance is
not needed in the mathematical description, it also works
with the same origin points of the moving and standing
CS. However, the involvement of /, value helps the
understanding of the explanation, and it also helps in the
generalization of the constructive modeling method.

In summary, the transformation between the moving
and standing coordinate systems of the workpiece are
sought in the following form:

hwom = meqwsrws + lwm,ws (7)
where r,,, is the resulted vector equation in the moving
CS of the workpiece; R,,,4s 1s the rotational matrix, and
tomws 1S the translational vector between the standing
and moving CS of the workpiece. This equation takes
the following form with the substitution of the above-
described variable parameters:

cosot  sinot 0 0
Tym =|—sinat cosw, 0 |r,+| 0 ()
0 0 1 1,

The defined three transformation can be summa-—
rized in one equation, which will represent the trans—
formation between the moving coordinate systems of
the tool and the workpiece. This can be calculated by
solving the following equation:

Twm = mevws |:Rwsvts (Rts,tmrtm + tts,tm ) + twsvts :| +

+t

wm,ws

&)

The following form is resulted by settling (9):

rwm = |:me,ws RM,‘S,ES Rts,tm :' rsm +

+ [me,ws RWSJSR‘))S,tm + me,wsts,tS + twm7ws:|

(10)

The final resultant transformational equation can be
also written in the following form, where one combined
rotational matrix and one combined translational vector
is presented:

rwm = me,tm’im + tu‘m,tm (1 1)

where R, 18 the resultant rotational matrix, and £, m
is the resultant translational vector between the moving
CS of the tool and the workpiece.

The resultant rotational vector will take the follo—
wing form after the mathematical conversions:
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cos(@yt —w,t) sin(@;t—w,t) 0
Tom = | sin(@yt —w,t) cos(w;t—w,t) 0 |n, +
0 0
) (12)
v, SN @yt — @, COS Wt
+| vyt cos Wyt + @, Sin @, 1

—Up 4l

The transformational equation for the three studied
high-feed turning procedure can be derived from (12) by
the substitution of the following:

a) skiving turning: a,,=r,,, w,=0,and v,, =0,

b) tangential turning: a,,=r,, ®,=0,and v,, =0,

¢) rotational turning: a,=r,+r,and v,, =0 .

6. VECTOR EQUATIONS OF THE CUTTING EDGES

To finalise the mathematical description of the studied
high-feed turning procedures, the next step is the
specification of the vector equations of the cutting
edges. Two types of cutting edge geometry is presented
in this study: linear edge in case of skiving and
tangential turning, and helical cutting edge in rotational
turning. The deduction will be presented based on
Figure 11, which shows the two types of curves which
is considered in this study. The linear cutting edge
represented by curve (a), which intersects with the
workpiece in [ point; and the helical cutting edge is
represented by curve (b) and /” intersection point.

At first, the vector equation of the linear cutting
edge will be defined, which shown as curve (a) in
Figure 11. Let a is the vector to a point through which
the line passing and b is the direction vector of the line.
The general parametric equation of a line (#;,.(p)) can
be written as follows where each coordinate of a point
on the line is given by a function of peR:

Tine (P) = a+ pb (13)

As it can be seen in Figure 11, the line of the cutting
edge goes through point /9, which is the origin of the
K, coordinate system. The direction vector can be
written in function of the inclination angle. Considering
the above written, the two vectors can be defined as:

0 0
a=|0|,b= ctg(/lt) (14)
0 1

The substitution of (14) into (13)leads to the p
parametric vector equation of the linear cutting edge in
the moving coordinate system of the tool (¥, sinear(P)),
which result can be seen in (15).

0
rtm,linear (p) = pdg(ﬂ’t) (15)

p
The second deduction is the definition of the para—
metric vector equation of the cutting edge in rotational

turning. The to be defined helical curve (b) can be seen
in Figure 11. The sketch shows a helix with (; axis
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which passes the & coordinate axis through point /%in
which point the dashed line present the tangent to the
curve at this point. This ¢ directional right-handed helix
has a radius of r; and a pitch of m, additionally, the
angle between the before mentioned tangent line and the
{; axis is A, which is the inclination angle. The general
parametric equation of this particular helix with p
parameter is written as the following:

& =rcos(p)
ﬁtzrtsin(p),peR (16)

Figure 11. Geometrical representation of the cutting edges:
(a) linear, (b) helical curve

The following expression can be written for the
pitch, tool radius, and inclinational angle by the unfol—
ding of the helix onto a plane:

27, m

tg(4) ==tz (4) (17)

my

In conclusion, the vector equation of the helical
cutting edge in the moving coordinate system of the tool
(Fampei(p)) can be written as the following in function of
the tool radius, inclinational angle, and p parameter:

rt COS(p)
T, sin(p) (18)
pricig(4,)

Tim, helix (P) =

7. EQUATION OF MOTION OF THE CUTTING EDGE

The next step in this study is the determination of the
two-parametric vector equations of motion of the
cutting edge, which describe the machined surface. The
three different high-feed turning procedures will have
different equations due to the non-identical kinematic
relations and geometries of the cutting edge.

The equation, describing the movement of the
cutting edge in skiving turning, is determined, by the
substitution of (15) into (12). During the solution, the
following statements are taken into account: a, =r,,
®,;=0, and v,,= 0. The resulted two-parametric vector
equation of the cut surface can be seen in (19).
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pctg(ﬂs )sin(a)wt) —Ty cos(a)wt)

Twm,skiving (pv t) = pctg(

P“g( S)

Twm, tangential (p7 t) = pCtg(ﬂ'S )

sin
COoSs

)cos(@,,t)+1,, sin(@,,t) (19)
P04t
(a)wt) —T, cos(a)wt) + vt,ttsin(a)wt)
(a)wt)+rw sin(a)wt)+vt7ttcos(a)wt) (20)
p

A [cos(p + ot — a)wt) - cos(a)wt):l =T, cos(a)wt)

Tom.rotational (pt)=|n [sin(p + ot — o)+ sin(a)wt)] +1,, sin(@,t) (21)

The vector equation for tangential turning can be
determined by the substitution of (15) into (12) as
before. However, the specified values of given constants
are different from skiving turning. In this case, the
following declarations must be fulfilled during the
determination: a,, = r,, ®,=0, and v,, = 0. As a result,
the two-parametric vector equation of the machined
surface in tangential turning is shown in (20).

The machined surface can be determined for rota—
tional turning by the substitution of (18) into (12),
taking into account the 0 value of the additional tan—
gential feed rate (v,, = 0). The resulted two-parametric
vector equation is presented in (21).

8. DETERMINATION OF THE MACHINED SURFACE

Following the analytical determination of the machined
surfaces, it is practical to define the sectional view of
them in the base plane, which is the [&,; {,] plane. It is
either necessary or practical to among other things,
determine the geometric characteristics of the chip
cross-section and the theoretical values of the roughness
parameters. The sectional view of the cut surfaces is
derived from the two-parameter equation of motion of
the cutting edge—(19-21). The base plane is passing
through the inspected point of the tool (point 1), at
which point the base plane is perpendicular to the
cutting speed (the peripheral speed resulting from the
rotating movement of the workpiece).

Firstly, the equation is deducted for skiving turning.
In the exact cases of this study, the equation of the
section of the machined surface is needed to be
determined in the plane stretched by the &, and , axes
in the K, ,, coordinate system. This is true, when the 7,
component of the vector equation in (19)is equal to
zero, which can be written as the following:

M = pctg(ﬂs )cos(a)wt) +1, sin(a)wt) =0 (22)

The p parameter in function of the ¢ parameter can
be defined as:

sin(a)wt) Ty

-— 23
cos(@,t)ctg (A ) 3)

p(1)=

Equation 23 means that how much the value of p
should be for any given value of ¢ so that the defined
point will be in the base plane. The next step is the
substitution of (23) into (19), which results in the one
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npeig(Ay) = v, 4t

parametric system of equations of the cut surface in the
base plane, as it can be seen in (24) and (25).

S (1)= _Fwa)t) 24
‘. (t) _ sin(a)wt)rw . (25)

- cos(@,t)ctg(A) G

From the system of equations of the machined
surface, the machined surface can be derived, therefore,
for example, the chip cross-section and the theoretical
roughness can also be characterized.

Still, it is more appropriate to use the one-variable
function form ¢&,({,) instead of the one-parametric
system of equations form of &,(7), {,(?), for example, for
the mathematical-analytical determination of the chip
width (which needs an integration when calculating the
arc length).

The expression of the parameter ¢ from (24) and (25)
does not give a well-handled relation even in technical
practice since the parameter ¢ is also contained in mul—
tiple complex functions. Therefore, an approxima-tion
is necessary.

For the approximation of the Equations, Taylor
series was chosen among the available options, since it
can approximate trigonometric and hyperbolic functions
with negligible error. By increasing the order, the
degree of error decreases, but the complexity of the
approximation increases. In this study the second order
expansion was chosen, which can be increased, if it is
needed in the practical use. The result of expanding of
(25) into a second-order Taylor series in the point of # =
0 is shown in (26).

sin(a)wt)rw Wyl
. NwWJw _ w'w 26
cos(@pt)tg(Z) T ‘[ag(zs)”‘»“] (26)

As a result, the deduction can be continued by exp—
ressing the ¢ parameter in function of {, independent
variable, which can be seen in (26):

t(Sw)= u 2N

B @y Trp tan(ﬂs ) T4

The sought one-variable function form of the cut
surface sectional view in the base plane can be
expressed, if (27) is substituted into (24):
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skiving - CZ) Ve (28)
cos wo
(0) T, tan(ﬂs)+v,’aJ

ww

5@0 (é’l(} )

The deduction follows the same steps with different
results for the determination of the cut surface in tange—
ntial turning. The initial condition for #,,can be written as:

M = pctg(/ls)cos(a)wt)+rw sin(a)wt)+

(29)
oy 4t cos(a)wt) =0
From (29), the formula for p parameter is expressed
in function of ¢ parameter. This results in that value for
p parameter, which results in an intersecting point of the
cutting edge with the base plane for a given ¢ parameter:

p(t)=-

Ty sin(a)wt) + vmtcos(a)wt)
cos(@,t)ctg ()

The one-parametric system of equations is resulted for
tangential turning by the substitution of(30) into (20):

£ (1) = ——10 (31)

cos(a)wt)

(30)

sin(a) t) +v,,tcos(a)wt)
cos(@,t)ctg ()

Cult)=- (32)

The solution here is also too complex to use it prac—
tically, therefore the same Taylor approximation is used,
as it can be seen in (33).

_sin(a) t) +v”tcos((0wt) —)—tw wt U (33)
cos(w,t)cig(4) ctg(Ay)

Based on (32) and (33), the ¢ parameter in function
of ¢, independent variable is expressed as the following:

t(é/w)z B é’wctg(ﬂs)

Wyl T 0,

(34)

To conclude the deduction above the one-variable
function form of the cut surface in tangential turning is
expressed by the substitution of (34) into (31).

r

o (&, == r 35
éw (é/w )mngentlal ( a)w é/w Ctg (AG ) ) ( )

,

who + vmt

In this study, the final deduction is the determination
of the cut surface in rotational turning. The basis step is
the definition of the boundary condition in this case as
well. The following formula is resulted from (21)to
fulfil the base plane intersecting condition:

My =1 [sin(p+ +s1n :|+ (36)
+sin(a)wt)rt =0
The constrain for p parameter in function of ¢ pa—
rameter is determined by reordering (36), which result is
the following:

p(t)= —arcsin|:

sin(a)wt)(rt +rw):|+(ww —a)t)t 37)

I
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The one-parametric system of equations of the
intersecting curve of the cut surface and the base plane
is deducted by the substitution of(37) into (21), which
operation leads to the following:

éw(t)=n\/1—[wj2 BAa CORED

U

Ty COS(COwl)

é,w (t) GCtg(ls ) [a)wt = MCSin{W:D (39)

T

—U; 4

For further deduction, an approximation is need in
this case as well, since the independent variable (7) is
presented in multiple complex functions. In order to
minimize the error, only the inverse sine function is
approximated. The second order Taylor expansion of

the described function takes the form of the following:

arcsin|:sin(a)wt)(rt +1,, )} 5

T

(1 +1,)

(40)

T

The ¢ parameter is determined in function of {w by
the substitution of (40) into (39), and the rearrangement
of the result into the following formula:

B L
t(é/w)_ ctg(ﬂ‘ ) +ctg(ﬂ )a)tr, +v, @b

Finally, by the substitution of (41) into (38), the one-
variable function of the cut surface sectional view in the
base plane is determined:

$u(Sw)=
2
2 . gtvw tan( ) _
g ((rt e )Sm Wyl + O T, tan(ﬁs )j @
$ 6P tan( )

—(rt +rw)cos

Oyl T OF, T, , tan(ﬂ, )

9. VALIDATION

By the application of different mathematical methods,
the equations of the cut surface in the sectional view of
the base plane are determined for the studied high-feed
turning procedures. However, in order to prove the
applicability of these formulas, validation is necessary.
The conformation is done by experimentally producing
these surfaces, and comparing the theoretical and real
surfaces to each other, determining the error between
these curves.

An EMAG VSC 400 DS hard machining centre was
used for the study. This machine tool can provide the
necessary tangential and circular feed, moreover it has
especial rigidity to do the precise cutting experiments.
In tangential turning, the chosen material was 42CrMo4
grade alloyed steel, which processed by hardening heat
treatment to 60 HRC hardness before the experiments.
In the experiments, a cylindrical workpiece is machined,
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tangential turning is presented in Figure 12.

The rotational turning experiments are carried out on
heat-treated C45 cylindrical steel workpieces with @40
mm diameter. The material removal is done by a Fraisa
P5300682 cutting tool with 30° inclination angle. The
tool clamped in the driven tool holder of the machine

. Tool with
E helical
cutting edge

Figure 13. Experimental setup in rotational turning

The main idea in the technological data selection
was to analyse the results in a wider range of para—
meters. Therefore, 2-2 kinds of inclination angle (As),
cutting speed (vc), feed (f), and depth of cut (a) were
chosen for the experiments. The resulted setups are
shown in Table 1.

An AltiSurf 520 three-dimensional topography mea—
suring instrument was applied for the measurements,
which were carried out after the experiments using a
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confocal chromatic probe. The setup parameters for the
measurements and evaluations were chosen according to
the ISO 21920:202 1standard.

Table 1. Experimental setup parameters

As Ve f a
Setup | Proc. o Tmm/c] | [mm]
A | @n | 45 | 200 | 10 | 02
B | w@n | 45 | 250 | 08 | 0.1
C | rot | 30 | 200 | 1.0 | o1
D | rot | 30 | 200 | 08 | 0.1

After the measurements are completed, the rough—
ness profiles of machined surfaces in each setup were
drawn. Furthermore, the theoretical curves of the cut
surface were also determined based on (35) in tangen—
tial turning and (42) in rotational turning. The results
can be seen in Figure 11-14.

6 —E =T
4
E 2
w0
2
-4

0 0.5 1 1.5 2

Gy [mm]

Figure 11. Comparison of the experimental (E) and
theoretical (T) curves in tangential turning (Setup A)

6 —E =T
4
g 2
- 0
»r
2 .
4 |
0 0.5 1 1.5 2
Gy [mm]

Figure 12. Comparison of the experimental (E) and
theoretical (T) curves in tangential turning (Setup B)

6 —E =T
4 Al
E 2 /
0
2
-4
0 0.5 1 1.5 2
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Figure 13. Comparison of the experimental (E) and
theoretical (T) curves in rotational turning (Setup C)

6 —E =T
4
g 2
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Figure 14. Comparison of the experimental (E) and
theoretical (T) curves in rotational turning (Setup D)
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The calculated correlations in each Setup are the
following: A=0.91, B=0.84, C=0.91, D=0.89. The
coefficients of determination in each case are deter—
mined as follows: A=0.82, B=0.71,C=0.82, D =0.80.

It can be concluded based on the Figures and these
values, that the determined curves describe the cut
surface well. Even in a very small scale, the accuracy is
acceptable.

10. CONCLUSION

The exact analytical determination of a given procedure
is a complex task, which requires careful planning and
the proper use of the methodical apparatus. Skiving
turning, tangential turning, and rotational turning are
determined mathematically in this paper. The cons—
tructive geometric modelingis applied to achieve the
proposed goal. After the throughout kinematical and
geometrical analysis, the equations of motion of these
high-feed turning procedures are determined through the
transformation between the defined coordinate systems.
The one variable equations of the cut surface are also
defined. The carried-out experiments shown that the
resulted equations describe the motion of the cutting
edge well. The study will continue to determine mathe—
matically among others: the geometric attributes of the
uncut chip, the generated surface topography in 2D and
3D, and the characteristic parameters of the produc—
tivity.
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AHAJIMTUYKO OJAPEBUBAILE ITIOCTYIIAKA
CTPYI'ABA CA BEJIMKUM IIOMAKOM
MNPUMEHOM KOHCTPYKTHUBHOI'
TFEOMETPHNJCKOI MOJAEJINPAIBA

H. CrankoBuu

Pa3Boj paznmuumnTHx mocTymaka oOpajie 3axTeBa HBHHUXOB
Ta4aH MaTeMaTudku omuc. OBO je MOCEOHO BaXKHO Y
NOCTYNIMMa 3aBpIIHE o0pane, TAE Cce IPOM3BOJIE
KOHauHa TeOMETpHja M IOBPUIMHCKE KapaKTEPHUCTHKE
JeoBa. Y OBOM paly Cy aHAIM3HpaHa TPH HOCTYIIKa
CTpyrama ca BEJIMKUM IIOMakOM: CTpyrame C
JbYIITEHEM, TAHTCHIMjAIHO CTPYrambe W POTALHOHO
crpyrame. CBa Tpu obchaBajy cTBapame MOBpIIMHA
HaIMK Ha TIO Ca HHCKHM KapaKTepUCTUKaMa
XpamnaBoCTH, Y3 TOCTH3ale€ BHCOKHX BPEIHOCTH
MIPOIYKTUBHOCTH. AHAJIUTUYKO yTBphHUBame OBHX
NOCTyNaKa BpPIIM €€ M[PUMEHOM KOHCTPYKTHBHOT
alaTHOT T€OMETPHUjCKOr Mojenupama. HakoH aHanuse
KHHEMAaTHYKMX M TEeOMETPUjCKHX OJHOCA CBaKOT
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MoCTynKa, AehHHUINY ce oAropapajyhu KOOpAMHATHH noctynka. Konauno ce ozapelyje jenHa npomeHsbuBa

cucremu. OppeheHe cy jeaHaumne TpaHchopMmaije jeAHaYMHa NpeceKa MOBPIUIMHE pe3a Y OCHOBHO] paBHH.
KOje OMNHCYjy TCOMETPHUjCKE TIpaHHYHE YCIOBE W CIpoBeIcHH Cy U EKCIEPUMEHTH KOjU CY MOTBPAMIH
KpeTame paJIHOT IIpeaMeTa U anata. Y cienehem kopaky HOCTUTHYTE pe3yJiTaTe.

neduHMIIe ce jeqHaurHAa KpeTama 3a TPH IpoydyaBaHa
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