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Dynamic fragmentation is a complex phenomenon inherent in numerous
natural and engineering systems. Determination of the fragment size (or
mass) distribution law is one of the most important objectives in dynamic
fragmentation modeling. In the present paper, a general approach based
on the simple assumption of random geometric partition of a body has
been considered. Starting from the binomial distribution of fracture sites
(points, lines or planes), size distribution laws are derived for 1D, 2D and
3D geometries. Geometric fragmentation models based on Mott's and
Grady-Kipp's approaches are analyzed. The models originating from the
Voronoi diagrams are also considered. The results of presented models are
compared with numerical simulations and experimental data, showing
significant compatibility as well as certain limitations. It has been
concluded that preferred theoretical model depends on dimensionality of

fragmentation process.
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1. INTRODUCTION

Fragmentation is a process of disintegration of a body
caused by multiple fractures of the material. It is a
ubiquitous phenomenon in nature and engineering
systems, which takes place in different size and time
scales. Expansion of galaxies, asteroid impacts,
explosively driven fragmentation, and fragmentation
induced by impact of nuclei are the most important
examples of dynamic fragmentation.

Military applications have been the main motivation
for both experimental investigations and theoretical
studies in the field of dynamic fragmentation. Studies of
fragmentation of metallic rings and shells have been
applied to the analysis and design of high-explosive
fragmentation warheads. Complete characterization of a
fragmentation process implies determination of
fragment size, shape and mass distribution, fragment
velocity distribution, as well as spatial distribution of
generated fragments. We will here focus on the
consideration of the fragment size distribution.

Fragmentation modeling is extremely difficult
problem, involving complex physics dependent on
loading conditions, material characteristics and problem
geometry. There are several approaches to the
fragmentation problem — empirical [1], probabilistic [2-
4], energetic [5], approach based on fracture mechanics
[6], numerical approach [7,8], etc.

In the present paper, fragmentation problem has
been treated from the general approach based on
geometric statistics.
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2. FRAGMENT SIZE DISTRIBUTION MODELING BY
GEOMETRIC PROBABILITY

Let us consider dynamic fragmentation of a
homogenous body brought about by impulsive loads.
The simplest approach to the modeling of size
distribution of generated fragments is based on the
assumption of random distribution of “fracture sites”.
Therefore, fragmentation process in 1D, 2D and 3D is
considered to be equivalent to the random segmentation
of a line, area and volume, respectively.

2.1 One-dimensional fragmentation

Let us first consider probabilistic fragmentation of a line
produced by random selection of “fracture” sites,
following the approach established by Linaeu [2] and
Mott [1] and improved in [9] and [10]. Assuming n
break points randomly distributed on the line of length
L, the probability of finding exactly k (k < n) “fracture”
points on a line segment of length / (/ < L) is determined
by binomial distribution

R(n.k) =[ij{‘ a-p)'*, (1)

where p; = I/L is the probability that a point will fall into
the segment of length /. If we restrict consideration to
the case of a large number of generated fragments, both
the line length L and the number of fracture points n
tend to infinity, and probability (1) transforms into the
Poisson distribution of the form:

k
Plk,l)=e M —(’Z 3 , )

where 4 = n/L is the number of points per unit length,

reciprocal to the average fragment size / . Now, using
the Poisson distribution (2), the probability dp of
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finding fragment of a length in the interval [/, / + d/] can
be calculated as follows. The probability that there is no
point on the line segment of length / is

P0,))=eH, 3)

and that there is exactly one point in the adjacent
segment of length d/ is defined by

P(,dl)=Adl. O]
The probability dp can be determined as
dp = P(0,1)P(1,dl) = Ae M dl . (5)

Therefore, the probability density function of
fragment length is

_dp_
f(l)—dl Ae . (6)

The cumulative probability distribution function
P(>1) = P(]) (that the fragment length is greater than /)
has the exponential form

P(l) = j F(hdl=eH . (7)
/

The Lineau (exponential) distribution (7)
successfully describes the fragment size distribution in
different fragmentation events [9]. It is also the
framework for several advanced fragmentation models.

Similar statistical approach to the random geometric
fragmentation is proposed in [4]. However, this model
uses an important additional assumption: existence of
the minimum fragment size [, The experimental
studies [11,12], as well as energy based theoretical
model [5] strongly justify this assumption. The
minimum fragment size is the consequence of unloading
waves produced at the separation points. The regions of
material traversed by these waves are prevented from
further failure [3,13]. The analysis of expected number
of fragments [4] provides the relation between the
average and minimum fragment length

/

—=325. 8)

min

However, numerical approach to the 1D
fragmentation based on cohesive model of crack
behavior [8,14] yields the modification of this relation

L 0. )
lmin

Using maximum entropy principle [15], it can be
shown that cumulative fragment size distribution law
has the exponential form

Py =) p= g, (10)

where A, is a distribution parameter. The average
fragment length is determined by
1

Z_zﬂ_r-f—lmin.

(1)
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One should note that the fragment size distribution
(10) is completely defined by the average fragment
length, because parameter /,;, is defined by (8) or (9)
and A, can be calculated from (11). The distribution (10)
that uses relation (8) will be referred to as Zhang
distribution, whereas the same distribution law with
relation (9) will be termed as modified Zhang
distribution.

Another possible approach to the random geometric
fragmentation is based on Voronoi-Dirichlet diagrams
[16]. The Voronoi-Dirichlet decomposition of a space
(1D, 2D or 3D) with randomly generated initial points
imply partitioning of a space in a certain number of
subspaces such that each subspace contains exactly one
generating point and every point in a given subspace is
closer to its generating point than to any other. Voronoi-
Dirichlet algorithm may be used as a model for different
physical processes, including fragmentation [17]. In 1D
case, Voronoi segmentation (i.e. random fragmentation)
of a line is defined by the midpoints of each pair of
adjacent randomly distributed initial points. Using
similar procedure as in the previous case [17,18], the
probability density function of fragment length can be
determined as

F(1) =412 (12)
and cumulative distribution reads
P() = (1+240)e . (13)

Normalized (I =1) Lineau, Zhang, modified Zhang
and Voronoi distribution are plotted in Figure 1.

Lineau distribution
--------- Zhang distribution
“““““““““““““ modified Zhang distribution
=======\oronoi distribution

Cumulative probability distribution, P(/)

Fragment length, /

Figure 1. One-dimensional fragmentation: comparison of
the Lineau, Zhang, modified Zhang and Voronoi model of
fragment size distribution; the average fragment length is
the same for each distribution

2.2 Two-dimensional fragmentation

Two-dimensional fragmentation is of much more
practical importance, as it involves fragmentation of
thin plates and shells. As a paradigmatic example,
random fragmentation of a plane will be analyzed first.
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The simplest method for plane fragmentation is by
random generation of horizontal and vertical lines. If we
assume that the two sets of lines are independent, with
the same density A, then Lineau distribution can be
applied to both horizontal and vertical set of lines,
yielding the cumulative area distribution

P(a) = 22 J' j e A0 dxdy = 24aK, (24a) (14)

xy>a

where K;(*) is the modified Bessel function of the
second kind of order 1 and « is a fragment area.

The analysis of fragments produced by detonation of
high-explosive shells [1] suggested the fragment area
distribution of the form:

P(a) =V | (15)

In the well-known Mott distribution law (15), the
parameter o is related to the average fragment area by
a=2/a . Justification for this distribution is the fact
that it is analogous to the Lineau exponential law (7),
having in mind that for 2D fragmentation fragment
length / ~ @'

Different postulate is offered in [19] and [9]: all
fragment area distributions have the same probability,
provided constant sum of fragments’ area. This is
equivalent to the Lineau 1D distribution, so the
fragment area distribution law has the form

P(a)=¢"%, (16)

where o is reciprocal to the average fragment area. The
fragment distribution law (16) will be referred to as
Grady-Kipp model.

Finally, the approximate generalization of the
fragment size distribution (13) generated by Voronoi
diagrams is suggested [18]:

P(s)=%, (17)

where I'(*) and I'(e,) are the complete and upper
incomplete gamma function, s is fragment size (length,
area or volume), u is the reciprocal to the average
fragment size, and n =2, 4 and 6, corresponds to 1D, 2D
and 3D Voronoi distribution, respectively. For 2D case
(n=4), the cumulative distribution (17) reads:

3
_T(4420) _ 40 (4aa)t

P@=—17 . (19)

k=0

The Bessel, Mott, Grady-Kipp and Voronoi 2D
distributions are shown in Figure 2.

2.3 Three-dimensional fragmentation

Three-dimensional fragmentation implies fractures
through all three dimensions of a fragmentation body.
This is the most complex and the most important case of
fragmentation from the application aspect. The main
example is fragmentation of a space with three sets of
parallel and mutually orthogonal planes. Supposing that
the three sets of planes are independently distributed
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with the same density 4, the Lineau approach leads to
the cumulative distribution:

PO =23 J' H ¢ A0 ) gy
xXyz>v
_ (19)
= Gy 3| Ay

Bessel distribution

09 g --------- Mott distribution
T Grady-Kipp distribution
=======\/oronoi distribution

Cumulative probabiliti function, P(a)

Fragment area, a

Figure 2. Two-dimensional fragmentation: comparison of
the Bessel, Mott, Grady-Kipp and Voronoi model of
fragment area distribution; the average fragment area is the
same for each distribution

The Mott's formula for 3D case, having in mind that
13

fragment length / ~ v, has the form
Pv)= e_%/y_v . (20)

The parameter y is defined by y =6/v, where v is

the average fragment volume.

Following the same argument as in (16), Grady-
Kipp's cumulative fragment distribution can be written
in the form:

Pv)=¢e"", 21

where y is reciprocal to the average fragment volume.
Applying n = 6 to (17), the Voronoi distribution for
3D case becomes:

5 k
P(y) =T(6,67v)/T(6) = "y L1 (22)
k=0

Four analyzed cumulative fragment distributions for
3D case are compared in Figure 3.

3. COMPARISON WITH EXPERIMENTS AND
DISCUSSION

Applicability of analyzed random fragmentation models
will be illustrated through comparison with available
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experimental results. Having in mind military
applications of fragmentation process, all considered
experiments are related to the fragmentation of rings
and shells of ductile metals.

“%“ - Meijer distribution

5 Mott distribution
- Grady-Kipp distribution
=======\/gronoi distribution

Cumulative probability function, P(v)
© o © o o© ©o
N L R N

©
=

Fragment volume, v

Figure 3. Three-dimensional fragmentation: comparison of
the Meijer, Mott, Grady-Kipp and Voronoi model of
fragment volume distribution; the average fragment volume
is the same for each distribution

For 1D case, the Lineau (exponential), Zhang,
modified Zhang and Voronoi distributions are fitted to
the experimental data. The comparison of theoretical
distributions with experimental fragmentation results
presented in [12] and [11] are shown in Figures 4 and 5,
respectively.
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Figure 4. 1D fragmentation: comparison of theoretical
distributions with experimental data of aluminum ring
fragmentation [12]

Both experiments treat fragmentation of aluminum
rings by impulsive electromagnetic loading. Experimental
fragmentation data of copper shells induced by gas gun
technique [4] are compared to the model results in Figure
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6. Finally, the results of 1D fragmentation of
magnetically driven uranium-6%-niobium (U6N) rings
[21] and corresponding theoretical distributions are
shown in Figure 7. The Lineau distribution fails to
describe experimental data, while the Voronoi and Zhang
distribution provides better agreement with experiments.
However, the modified Zhang distribution systematically
yields the best compatibility with experimental data. This
result emphasizes the importance of the concept of
minimum fragment size in 1D fragmentation in
conjunction with applied approach based on random
selection of fracture points.
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Figure 5. 1D fragmentation: comparison of experimental
results of aluminum ring fragmentation [11] with
considered theoretical distributions
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Figure 6. 1D fragmentation: comparison of the theoretical
distributions with experimental data of the copper shell
fragmentation [4]

Numerically generated fragmentation of a unit square
by randomly chosen vertical and horizontal lines (20 x
20) (inset in Figure 8) is compared with analyzed 2D
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theoretical distributions (with the same average fragment
area). This is one possible simulation of 2D
fragmentation. As expected, only the Bessel distribution
excellently describes numerical data (Fig. 8). Comparison
of experimental fragmentation data of the near-spherical
ductile metal shell [17] with analyzed theoretical models
is presented in Figure 9. Results of explosively induced
2D fragmentation of the stainless steel spherical cap [22]
are compared with considered model results (Fig. 10).
Both experimental data are fairly approximated by the
Voronoi distribution. Possible explanation is that the
Voronoi (gamma) fragment size distribution model is
approximation of the advanced physically based 2D
Mott's fragmentation model [17].
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Figure 7. 1D fragmentation: comparison of the
experimental results of uranium alloy (U6N) ring
fragmentation [21] with considered theoretical distributions

numerical experiment

Bessel distribution
--------- Mott distribution
“““““““““““““ Grady-Kipp distribution
‘‘‘‘‘‘‘‘‘‘‘ Voronoi distribution

10

Cumulative probability distribution

10°

0 0.005 0.01 0.015 002 0.025 0.03
Fragment area

Figure 8. 2D fragmentation: comparison of different
theoretical models with numerically determined area
distribution obtained by random segmentation of a unit
square (inset)
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Figure 9. 2D fragmentation: comparison of 2D theoretical
models with experimental data from [17]
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Figure 10. 2D fragmentation: comparison of 2D theoretical
models with experimental fragmentation of the spherical
cap of steel [22]

Finally, 3D fragmentation experiments are
represented by examples of the fragmentation projectile
[23] (Fig. 11) and explosively driven steel cylinder [24]
(Fig. 12). In the first case, 3D Mott distribution obtains
the best fit to experimental data. In the latter, the Meijer
and 2D Mott distribution laws have reasonable
accordance with experiment. The complexity of 3D
fragmentation, which includes tension and adiabatic
shearing mechanisms, leads to a variety of fragment
sizes and shapes and prevents the analyzed one-
parametric distributions to successfully describe the real
fragment volume distribution. Advanced treatment of
fragment mass distribution in 3D fragmentation using
the three-parametric bimodal exponential distribution
(generalized Grady-Kipp distribution) is presented in
[25].
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Figure 11. 3D fragmentation: the theoretical distribution
laws compared with fragment distribution data of the
fragmentation projectile A from [23]
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Figure 12. 3D fragmentation: the theoretical distribution
laws compared with fragment distribution data of the
explosively driven cylinder [24]

4. CONCLUSIONS

The problem of fragment size distribution in dynamic
fragmentation is considered from the aspect of
geometric probability. We have rederived the Lineau
(exponential) fragment distribution law starting from a
random segmentation of a line. This approach is
generalized to the 2D and 3D case through the Bessel
and Meijer distributions. The Mott and Grady-Kipp
paradigms are explained and corresponding fragment
size distributions are also presented. Also, geometric
fragmentation model based on the Voronoi diagrams is
introduced.

The analyzed models are compared with limited
experimental results related to dynamic fragmentation
of ductile metals. In the case of 1D fragmentation, it is
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shown that the modified Zhang distribution provides the
best compatibility with experimental data. Experimental
results in 2D fragmentation can be successfully
described by the Voronoi distribution. The Mott
distributions are the best choice for approximate
description of fragment volume distribution in 3D
fragmentation.

Having in mind that material characteristics,
problem geometry and applied loads are not considered,
and that all these parameters are lumped into one
adjustable parameter, the results are surprisingly good.
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PACHOJEJIA BEJIMUUHE ®PAI'MEHATA TP
JUHAMMNYKOJ ®PPAITMEHTAIIUIN:
MNPUCTYII 3ACHOBAH HA TEOMETPHJCKOJ
BEPOBATHORHU

Mpeapar Enek, Cio6onan Japamas

JuHamuuka ¢parMeHTamyja je KOMIUIEKCHA I10jaBa Koja
KapakTepuine OpojHe MPUPOTHE W TEXHUYKE CHCTEME.
OnpehuBame 3akoHa pacnozenie BeJlMYMHE (OJHOCHO
Mace) TeHepHCaHuX (parMeHaTa MPeACTaBiba jeAaH Of
Haj3HAuYajHUjUX 3aJlaTaka MpH MOJEIUpay IHHAMHYKE
¢dparMeHTanmje. Y paty ce pasMarpa yoIlIuTeH IPUCTYI
OBOM  mpoOieMy  3acHOBaH Ha  j€JHOCTaBHO]
MPETIOCTABIM O CIY4ajHOj TEOMETPHjCKO]j CerMEHTAIIU]H
tena. Ilomasehn on OmHOMHE pacnozene Mecra Jioma
(Tauaka, TpaBUX WIIM paBHH), H3BeleHE Cy (YHKIHje
pacnozene BenuumHe ¢parmeHara 3a 1J, 2J1 u 3]]
reoMeTpujy. AHalu3UpaHd Cy MOJEIN TI'eOMETPHjCKe
(dparMeHTaIMje 3aCHOBaHU Ha mpuctynuma Moift-a u
Grady-Kipp-a. Takohe cy pasmMaTpaHy 3aKOHU pacrofiesie
3aCHOBaHM Ha NpuMeHH Voronoi nujarpama. Pesynraru
pasmatpaHuX Mojena ynopeheHn cy ca HyMEpHUYKHM
cHUMYJIalfjaMa ¥ eKCIIepUMEHTAITHUM pe3yJiTaTuMa, IpH
YyeMy je IMOKa3aHo [a TI0CTOje 3HaYajHa Moaydapama, Kao
U M3BECHA OrpaHMYCHa MoJeNa. 3ak/byueHo je Ja
npedepupaHd  TEOPHjCKA  MOIEN  3aBHCH  Of
JMMEH3UOHAIHOCTH (PparMeHTaIMOHOT [polieca.
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