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The paper considers statistical aspects of high explosive warhead
fragmentation. The modeling of fragment mass distribution is of great
importance for determination of fragmenting warhead efficiency. Seven
relevant theoretical fragment mass distribution models are reviewed: the
Mott, the generalized Mott, the Grady, the generalized Grady, the
lognormal, the Weibull and the Held distribution. Comparison of these
models with representative experimental database of 30 fragmenting
projectiles has shown, generally, a very good correspondence between
theoretical models and experimental data. The goodness of fit analysis has
indicated that the generalized Mott, the generalized Grady and the Weibull
distribution enable the best description of experimental fragment mass
distribution data. Further comparison of these models based on the median
analysis prefers the generalized Grady distribution, and its bimodal
characteristic can be physically justified. The suggested theoretical
fragment mass distribution law can be applied in a complex fragmenting

projectile efficiency simulation model.
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1. INTRODUCTION

The modeling of fragmentation process is of the
utmost importance for design, redesign and efficiency
analysis of high-explosive (HE) projectiles. The
fragment mass distribution along with the initial
fragment velocity, the spatial and the shape
distribution of fragments, enables the complete
characterization of a fragmentation process. Natural
fragmentation of HE projectile is the result of complex
processes of explosive detonation, gas products
expansion and behavior of the casing material under
the intensive impulse loads [1]. The final character and
distribution of cracks in the projectile casing determine
the shape, the size and the mass of formed fragments.
There are several approaches to the fragmentation
problem — probabilistic [2-4], energetic [S], approach
based on fracture mechanics [6], etc. Having in mind
the complexity of underlying physics, the semi-
empirical approach based on the mentioned theoretical
results, as well as experimental data, seems to be a
promising approach to the fragment mass distribution
problem [7].

There are a number of concurrent models that define
the fragment mass distribution law, without consensus
which of them is the most suitable for description of
fragments generated by the HE projectiles. The idea is
to analyze these models and, through comparison with
experimental results, suggest the “optimal” law that can
be used in a complex HE projectile efficiency
simulation model.
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2. FRAGMENT MASS DISTRIBUTION LAWS

Fragment mass distribution is usually described by a
cumulative distribution function, rather than a
probability density function (histogram), which is more
sensitive to the scatter of the fragment masses data. The
cumulative number of fragments Nr(m) = Np(>m) is the
total number of fragments with the mass greater than m,
and alternatively, the cumulative fragment mass Mr(m)
= M1(>m) is the total mass of all fragments with
individual mass greater than m.

In this paper, relative (normalized) cumulative
distributions N(m) and M(m) will be used

M (m)
My

N(m) =N§v—(’"), M(m)= (1)
0

where N, is the total fragment number and M, is the
total mass of fragments. The relation between the
cumulative distributions is

dM  m dN

dm  mdm’ @

The average fragment mass (distribution mean),
which is the most important characteristic of the
distribution, is determined by

%:—:IN(m)dm. A3)

A very useful numerical property of the distribution
is the median, which is defined by

NGiy) =75, M(iy)=5%. )

There are numerous distribution laws that are used
to describe a real distribution of the HE projectile
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fragments. The most relevant distribution laws will be
briefly outlined.

Mott distribution. In his classic works [8], based on
the two-dimensional geometric statistics, Mott had
formulated the well-known fragment distribution law in

the form
1
N(m) = exp[—(%)z ] . (5)

Generalized Mott distribution. Mott had argued that
in three-dimensional fragmentation of thick-walled
cylinder, where fragments do not retain the inner and
outer surface of original cylinder, exponent 3 instead />
in (5) would be more appropriate. Introducing exponent
A in (5), we get the generalized Mott distribution (e.g.
[9,10]) as

A
N(m) = exp —[ﬁj . (6)
)7

This distribution corresponds to the two-parametric
Weibull distribution.

Grady distribution. Following Mott's approach
based on the Poisson distribution of fracture points,
Grady and Kipp [2] established an alternative paradigm,
defined also in [11], and proposed the simple linear
exponential distribution

N(m) = exp(—ﬂj : (7
u

This distribution law is a special case of the
generalized Mott distribution law, (6), for 4 = 1.

Generalized ~ Grady  distribution.  Considering
statistically inhomogeneous fragmentation, Grady and
Kipp [2] analyzed the three-parametric generalization of
distribution defined by (7) as follows:

N(m);fexp(—ﬂ%)ﬂl—f)exp(—%). 8)

Lognormal distribution. Observing multiplicative
nature of fragmentation process, several authors (e.g.
[12]) suggested the lognormal distribution for
describing the fragment mass distribution:

N(m) = %{1 - erf(m\/rﬁT;ﬂ)} , )

X
2
where erf(®) is the error function erf(x) = %Ieft dr.
T
0

Weibull distribution. The two-parametric Weibull
distribution (also known as the Rosin-Ramler
distribution), originally used for the description of the
grain size distribution in grinding processes, defines the
normalized cumulative mass as

M(m) = exp[—(%)ﬂ] . (10)

Using (2), one gets the relative cumulative number
of fragments:
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N(m) :ﬁr[l-%,(%)ﬂj, A>1. (1)

11—
A
In (11), I'(a, x) is the upper incomplete gamma

o0
function T'(a,x) = Ita_le_tdt :
X
Held distribution. Held [13] introduced the relation
between the cumulative mass and the cumulative
fragment number in the form

M) =M, |:l—exp(—Bn/1 )} (12)

where 7 is the cumulative number of fragments sorted in
descending order, and M(n) is the total mass of these
fragments. The mass of each particular fragment can be
calculated by

m, =M(n)-Mn-1). (13)

Transformation of (12), using (2) leads to the
implicit form of the cumulative number distribution:

m=MyBAN}™ (m)exp[—BN%‘l (m)} L (14

The review of the fragment mass distribution laws is
given in Table 1. The medians can be easily calculated
from (4).

In the earlier paper [14], it had been shown that the
Stremsee-Ingebrigtsen  distribution [15] does not
represent substantial improvement of the Mott law. It is
also discussed that the widely applicable power-law
distribution (e.g. [16]) cannot successfully describe the
HE projectile fragmentation. Finally, the Gilvarry
distribution [17] and the Lin distribution [18] has not
been analyzed here, regarding a four-parameter fit
impractical.

3. COMPARISONS WITH EXPERIMENTS

In order to validate the presented theoretical distribution
models, the comparison with experimental data has been
performed. Experimental data from [19] (20 projectiles),
[13] (3 projectiles), [15] (3 projectiles), [10] (2
projectiles) and [11] (2 projectiles) have been used.

From the aspect of characterization of fragment
mass distribution and the analysis of considered models,
it would be desirable that the mass of each fragment is
exactly known, i.e. experimental results could be
presented as an ascendant sequence of fragment masses
m;, j = 12,...No. However, because of simpler
measurement and manipulation with collected
fragments, experimental results are usually given in a
somewhat less accurate way — in the form of tables with
the number of fragments and their total mass in arbitrary
defined mass groups. It is therefore clear that selection
of too wide ranges of mass groups can distort the real
fragment mass distribution. Although in some
fragmentation analysis the fragments with the greatest
masses are neglected (supposed as the result of irregular
fragmentation), all collected fragments have been taken
into account in this research.
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Table 1. Fragment mass distribution laws and their properties

s Relative cumulative number of Relative cumulative mass of fragments Distribution mean
Distribution fragments
N(m) = N(>m) M(m) = M(>m) m
1 1
2 1 m\2
Mo R4 302 2
: m)' 1 r[1+1 ("’)Aj r(1+1
Generalized Mott ei(;j F(H % J 2o\ u ( + 7) ]
Grad n v
ra n mla M
y e M (1 + u )e H
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2
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Log-normal 2 [1 erf( oo )} 3 {1 erf(ﬁg ﬂ QHto” /2
A
1 L [(m A u
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Weibull i ( 7 ( ) ] _(7j =
I RE =
Held ~BNF(m) At ~BNETNom) o
€ M(m)=1l-e "~ T, m=MyBANF (m)e = T a

The parameters in the theoretical distribution laws
are calculated by minimizing the deviation of the
theoretical from the real distribution in the sense of the
least squares method:

n
min Y [F,(m;, pys pyoees 24—~ Fom) T (15)
i=1

where F(m,pi,p,,....pr) 1s the theoretical distribution
function, p; are the parameters in distribution functions
(depending on model, the function has one, two or three
free parameters that should be optimized), and F.(m) is
the experimentally determined distribution function.

Characteristic diagrams of experimental data and the
corresponding optimized theoretical models for the
typical experimental projectile are given in Figure 1.

In order to evaluate and compare the goodness of
fits, the degrees of freedom adjusted coefficient [20] of
determination is used:

R? = -— (16)
where Sp and St are

Sp =X (F(m ;)= Fy(m)))*,
Jj=1

n p—
St =2 (Fi(m)-F) . (17)
j=1
In (17), FC is the mean of an experimental

distribution, » is the number of mass groups and  is the
number of adjustable parameters in a distribution law.

The statistic R is defined as a proportion of variability
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in experimental data explained by a statistical model,
taking into account the number of free parameters.
Therefore, this statistics enables the determination of
fitting degree among the observed and the theoretical
data.

The survey of coefficient of determination values for
the analyzed theoretical distribution models applied on
the experimental data for 30 projectiles is given in Table
2 (target function is N(m)).

Generally, all models (except the Grady's) are good
approximation of experimental data, but the generalized
Mott, the generalized Grady and the Weibull
distribution have the highest coefficients of
determination. Similar results are obtained from the
cumulative fragment mass M(m) optimization (Fig. 2).

In addition to the analysis of compatibility of
theoretical ~distribution laws and experimentally
determined  distribution, the consideration of
correspondence between appropriate measures of
distribution central tendencies is also important. From
the definition of these parameters, (3) and (4), it is
obvious that the average fragment mass m and the

median my are dominantly dependent on the total

number of generated fragments N,. The experimental
determination of the overall number of fragments N,
especially in the case of 3D fragmentation and
numerous fragments (N, > 1000), can be unreliable.
Namely, despite the advanced fragment recovery
techniques, a certain number of fragments from the
smallest mass group can not be collected after the
experiment. These  “missing”  fragments can
significantly influence the evaluation of the total
number of fragments N,, but their impact on the total
mass of generated fragments M, is negligible.
Therefore, the mentioned experimental error has
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Figure 1. Comparison of the relative cumulative fragment number experimental data for projectile 1 [19] with: (a) the Mott and
the generalized Mott, (b) the Grady and the generalized Grady, (c) the Weibull and the lognormal and (d) the Held fragment

mass distribution model

minimal influence on the median 1, , and this measure

will be used as the criterion for further comparison of
experimental data and theoretical results for three
distributions.

The relative errors of the median 1,, for three

considered theoretical models and 30 experimental
projectiles are compared in Table 3. The analysis of the
results presented in Table 3 indicates a satisfactory level
of compatibility between the experimentally determined
and the theoretically predicted values of the median
my, . This criterion prefers the generalized Grady

distribution comparing to other two empirical models.

Thus, the conclusion from the performed statistical
analysis is that the generalized Grady model provides
the best description of the mass distribution of
fragments generated by the HE projectiles. Having in
mind the main property of this distribution law, this
means that fragments have two characteristic sizes
(masses), which is shown in Figure 3.

Physically, the finer and coarser fragments can be
related to the central cylindrical and the residual portion
of the projectile, respectively. Another explanation is
that different fragment formation mechanisms in the
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inner and the outer section of the projectile casing
influence the bimodal distribution [1].
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Figure 2. Relative cumulative fragment mass distribution:
comparison of the experimental data (projectile 1 from [19])
and the generalized Mott, the generalized Grady and the
Weibull distribution
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Table 2. The coefficient of determination calculated for different fragment mass distribution laws and 30 experiments. Relative

cumulative fragment number N(m) has been fitted

Coefficient of determination, R>
Mott Gen. Mott Grady Gen. Grady Lognormal Weibull Held

1 0.9919 0.9960 0.9271 0.9994 0.9817 0.9997 0.9975
2 0.9946 0.9946 0.9160 0.9999 0.9846 0.9995 0.9899
3 0.9936 0.9936 0.9025 0.9992 0.9787 0.9997 0.9981
4 0.9948 0.9957 0.9252 0.9995 0.9897 0.9994 0.9944
5 0.9896 0.9913 0.8720 0.9994 0.9766 0.9993 0.9988
6 0.9122 0.9951 0.9909 0.9987 0.9807 0.9980 0.9926
7 0.4326 0.9462 0.9026 0.8959 0.9229 0.9521 0.9687
8 0.9984 0.9985 0.9337 0.9973 0.9937 0.9996 0.9606
9 0.9952 0.9984 0.9222 0.9970 0.9946 0.9994 0.9723
10 0.9941 0.9984 0.9120 0.9958 0.9941 0.9994 0.9855
11 0.9990 0.9992 0.9521 0.9985 0.9961 0.9990 0.9805
12 0.9991 0.9991 0.9554 0.9994 0.9964 0.9995 0.9775
13 0.9750 0.9988 0.9599 0.9997 0.9909 0.9961 0.9885
14 0.9884 0.9996 0.9521 0.9990 0.9931 0.9959 0.9967
15 0.9995 0.9997 0.9848 0.9998 0.9990 0.9999 0.9853
16 0.9986 0.9986 0.9667 0.9995 0.9964 0.9999 0.9812
17 0.8879 0.9990 0.9985 0.9990 0.9940 0.9972 0.9760
18 0.9959 0.9971 0.8911 0.9943 0.9951 0.9931 0.9908
19 0.9995 0.9997 0.9553 0.9999 0.9975 0.9991 0.9944
20 0.9990 0.9992 0.9461 0.9996 0.9963 0.9998 0.9899
21 0.9923 0.9996 0.9757 0.9991 0.9991 0.9999 0.9866
22 0.9992 0.9999 0.9933 0.9998 0.9998 0.9999 0.9774
23 0.9960 0.9996 0.9283 0.9930 0.9966 0.9961 0.9937
24 0.9910 0.9980 0.9574 0.9952 0.9893 0.9964 0.9613
25 0.9985 0.9985 0.9351 0.9960 0.9891 0.9988 0.9608
26 0.9561 0.9894 0.8026 0.9966 0.9799 0.9964 0.9916
27 0.9948 0.9995 0.9721 0.9979 0.9967 0.9979 0.9923
28 0.9787 0.9886 0.9483 0.9988 0.9752 0.9961 0.9905
29 0.9104 0.9987 0.8382 0.9707 0.9985 0.9948 0.9986
30 0.9738 0.9992 0.9429 0.9831 0.9992 0.9961 0.9925

Note: data for projectiles 1-20 are taken from [19] (average values for minimum 5 tests for each projectile); results for projectiles 21-

23 are from [13], projectiles 24-26 are from [15], 27-28 from [10] and 29-30 from [11] (test cylinders).

4. CONCLUSION
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Figure 3. Fine and coarse fragments components of the
generalized Grady distribution fit of the experimental data
(projectile 1 [19])
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The analysis of the most relevant theoretical fragment
mass distribution models has been undertaken. Using
the comprehensive statistical approach based on
comparison with the representative experimental
database of 30 projectiles, it has been concluded that the
generalized Grady distribution provides the best
description of the mass distribution of fragments
generated by detonation of the HE projectiles. The main
characteristic of this distribution are physically justified.
The suggested distribution model can be applied in HE
projectile efficiency modeling.
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Table 3. Relative error of the median m,, for the three

analyzed distributions (generalized Mott, generalized Grady
and Weibull) based on 30 experimental fragmentation
results. Ranks of calculated results are indicated in
brackets

Relative error of median
Gen. Mott Gen. Grady Weibull
1 0.2459 (3) 0.0554 (1) 0.0876 (2)
2 0.3895 (3) 0.0985 (1) 0.1870 (2)
3 0.2768 (3) 0.0149 (1) 0.0698 (2)
4 0.4140 (3) 0.1160 (1) 0.2213 (2)
5 0.3918 (3) -0.0006 (1) 0.0762 (2)
6 0.1080 (3) 0.0932 (2) 0.0735 (1)
7 0.0508 (1) 0.3209 (3) 0.0612 (2)
8 0.1751 (3) -0.1112 (2) 0.0003 (1)
9 0.3604 (3) -0.0698 (1) 0.0841 (2)
10 0.3769 (3) -0.0856 (2) 0.0829 (1)
11 0.2425 (3) 0.0515 (1) 0.0831 (2)
12 0.2691 (3) 0.0689 (1) 0.1193 (2)
13 0.0833 (3) 0.0607 (2) -0.0012 (1)
14 0.1210 (3) 0.0763 (2) 0.0105 (1)
15 0.8198 (3) 0.7621 (1) 0.7933 (2)
16 0.5482 (3) 0.3365 (1) 0.4569 (2)
17 0.1668 (2) 0.1699 (3) 0.1360 (1)
18 0.2058 (3) -0.0878 (1) -0.1178 (2)
19 0.2361 (3) 0.1656 (2) 0.1203 (1)
20 0.3259 (3) 0.1357 (1) 0.1666 (2)
21 1.2373 (3) 0.1409 (1) 0.3726 (2)
22 0.6374 (2) 0.6458 (3) 0.6212 (1)
23 0.0592 (1) -0.5295 (3) -0.4608 (2)
24 | -0.0417 (1) -0.2846 (3) -0.2746 (2)
25 0.3071 (3) -0.1612 (2) -0.0497 (1)
26 2.8439 (3) -0.0271 (1) 0.3419 (2)
27 0.1269 (3) -0.0902 (1) -0.1147 (2)
28 0.3896 (3) 0.2499 (1) 0.2702 (2)
29 4.5932 (3) -0.9182 (2) -0.7485 (1)
30 0.8376 (3) -0.6784 (2) -0.3911 (1)

Note: The same as for Table 2.
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PACIIOJAEJIA MACE ®PAI'MEHATA BOJHUX
I''IABA CA IPUPOJHOM
OPAI'MEHTALIMJOM

Hpenpar Exex, Caio6ogan Japama3s
Y pamy ce pa3MaTpajy CTaTUCTHUYKH  AaCIEKTH

(dparMenTainmje pa3opHux O0OjHHX TJaBa. Mojenupame
pacmozene Mace pparmMeHara je o BEIHKOT 3Ha4aja mpu

FME Transactions

onpehuBamy epukacHOCTH pa3opHUX NpojexTia. Jar
je Tperiien cemaM peeBaHTHHX TEOPHjCKUX Mojerna
pacniomene Mmace mnapuyamu: MotoB (Mott) Mogen,
reHepanu3oBaHn MotoB wmozen, [pejaujeB (Grady)
MOJIE, TeHEepaTN30BaHH I'pejnujen MOJIeI,
JIOTHOpMajHa pacrnozgena, Bajoymosa (Weibull) u
Xenmosa (Held) pacniogena. ITopeheme oBux Monena ca
penpeseHTaTiBHOM 0Oa3zoMm momaraka 3a 30 pa3zopHUX
MIPOjeKTIIIa TOKA3aJl0 je BeoMa I00po MOIyAapame
TEOPHjCKUX U CKCIICPUMEHTAIHHUX pe3yniTara. AHanuza
kKoeduiMjeHata JAeTEPMUHALIMje  yKazala je  Ja
reHepain3oBaHa MoToBa, TeHepanu3oBaHa ['pejmujeBa
u BajOyinoBa pacmonena HajOoobe OMHCY]y pe3yirTaTe
excriepuMeHara. Jlajbe mopeheme oBHX Mopnena
3aCHOBAaHO Ha aHaNMM3W MenujaHe  (QaBopmsyje
TeHepalu30BaHy ['pejaujeBy pacmomeny 4udja ce
O6uMomaHOCT MOXke Qu3HUKU omnpaBaatu. [lpeanoxenn
3aKOH pacrojene Mace (parmMeHara MOXe ce
NPUMCHHUTH y CJIOKCHOM CHMYJIAIMOHOM MOJIEITY
e(HUKaCHOCTH Pa3OpHUX MPOjEeKTHIIA.

VOL. 37, No 3, 2009 = 135



