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INTRODUCTION

Analysis the Brachistochronic Motion
of A Mechanical System with Nonlinear
Nonholonomic Constraint

This paper analyzes the problem of brachistochronic planar motion of a
mechanical system with nonlinear nonholonomic constraint. The
nonholonomic system is represented by two Chaplygin blades of negligible
dimensions, which impose nonlinear constraint in the form of
perpendicularity of velocities. The brachistrochronic planar motion is
considered, with specified initial and terminal positions, at unchanged
value of mechanical energy during motion. Differential equations of
motion, where the reactions of nonholonomic constraints and control
forces figure, are obtained on the basis of general theorems of mechanics.
Here, this is more convenient to use than some other methods of analytical
mechanics applied to nonholonomic mechanical systems, where a
subsequent physical interpretation of the multipliers of constraints is
required. The formulated brachistochrone problem, with adequately
chosen quantities of state, is solved as simple a task of optimal control as
possible in this case by applying the Pontryagin maximum principle. The
corresponding two-point boundary value problem of the system of ordinary
nonlinear differential equations is obtained, which has to be numerically
solved. Numerical procedure for solving the two-point boundary value
problem is performed by the method of shooting. On the basis of thus
obtained brachistochronic motion, the active control forces, along with the
reactions of nonholonomic constraints, are defined. Using the Coulomb
friction laws, a minimum required value of the coefficient of sliding friction
is defined, so that the considered system is moving in accordance with
nonholonomic bilateral constraints

Keywords:  Brachistochrone, Nonlinear —nonholonomic  constraint,

Pontryagin’s maximum principle, Coulomb friction, Optimal control.

shooting. On the basis of thus obtained brachistochronic
motion, the active control forces, along with the

This paper analyzes the problem of brachistochronic
planar motion of a mechanical system with nonlinear
nonholonomic constraint. The brachistrochronic planar
motion is considered, with specified initial and terminal
positions, at unchanged value of mechanical energy
during motion.

Differential equations of motion, where the reactions
of nonholonomic constraints and control forces figure,
are obtained on the basis of general theorems of
mechanics.

The formulated brachistochrone problem, with
adequately chosen quantities of state, is solved as
simple a task of optimal control as possible in this case
by applying the Pontryagin maximum principle. The
corresponding two-point boundary value problem of the
system of ordinary nonlinear differential equations is
obtained, which has to be numerically solved.
Numerical procedure for solving the two-point
boundary value problem is performed by the method of
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reactions of nonholonomic constraints, are defined.
Using the Coulomb friction laws, a minimum
required value of the coefficient of sliding friction is
defined, so that the considered system is moving in
accordance with nonholonomic bilateral constraints.

2. DESCRIPTION OF THE DYNAMIC MODEL OF
NONLINEAR NONHOLONOMIC SYSTEM

In order to develop differential equations of motion of a
dynamic model of nonlinear nonholonomic mechanical
system (henceforth referred to as ‘the system’), as well
as for the needs of further considerations, two Cartesian
reference coordinate systems must be first introduced.
The stationary coordinate systemOxyz, whose

coordinate plane Oxy coincides with the horizontal
plane of motion, and the non-stationary coordinate
system A&y attached rigidly to the considered system,
so that the coordinate plane A&y coincides with the
plane Oxy (see Fig. 1).

The axis of the non-stationary coordinate
system A¢ is defined by the direction 4B | that is,

B e A¢, whereas unit vectors of the non-stationary
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coordinate system axes are a pandy , respectively. The

system is composed of two Chaplygin blades [3], of
negligible masses and dimensions, which impose
constraint to the motion of particles 4 and B, of equal
massesm, in the form of perpendicularity of the
velocities, as shown in Fig. 1.

Particles 4 and B are interconnected by a light forks-
like structure, which allows the distance AB = & # const.
to change.

The configuration of the considered system relative
to the system Oxyz is defined by a set of Lagrangian

coordinates (ql,qz,q3,q4), where ql =)candq2 =y

are Cartesian coordinates of the point A,q3 =g@is the

angle between the axis Oxand axis 4¢ , while q4 =Cis

the relative coordinate of point B relative to the non-
stationary coordinate system.

y

[0
Figure 1. Nonlinear nonholonomic mechanical system

Further analysis relates to the case when the motion
of point A4 is constrained in the A¢ axis direction, while
the motion of point B is constrained in the Ay axis
direction, that is, lateral slipping of the points 4 and B
of the system is not permissible in the A¢ and Ay axis
directions respectively.

Due to the imposed constraints to the motion, there
occur horizontal reactions of nonholonomic constraints
at the contact points of the 4 and B points and
horizontal plane of motion R 4 =—R A and 153 =Ryl
respectively.

In accordance with the constrained motion in the
form of perpendicularity of the velocities of points A
and B, the nonholonomic nonlinear homogeneous
constraint has the form [3], [4]

V-ii=0= Xig+yyp =0, €))
where 7 andii are the velocities of points 4 and B
respectively.

Taking into account that the motion of point 4 is

constrained in the A¢ axis irection, the second

nonholonomic homogeneous constraint can be
represented in the form as follows

xcosg+ ysing =0, 2)

and, as a result, the VelocityV, of point A, has
the Az axis direction, that is
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V = Xsingp—ycose, 3)

whereV =¥ - ji . The coordinates of point B relative to
the coordinate system Oxyz are

xp=x+&cosep, yp=y+<sing, zp=0. (4)

Now, based on nonholonomic constraints (1) and (2),
taking into account the relations (3) and (4), the angular
velocity of the system is determined in the form

Y 5
@ : ®)

The velocity i, of point B, which has the A¢ axis

direction can be expressed, based on relations (2) and
(4), in the form as follows

u=¢, (6)

where u=1i-/ .

As it is well-known, the realization of the
brachistochronic motion of mechanical systems can be
left, in general, to the control forces, whose total power
equals zero during brachistochronic motion, which can
be represented in the form of active control forces, then
by the forces of reactions of the constraints or by their
mutual combinations.

For this case, the realization of the brachistochronic
motion is achieved by active control

forces F| = F{ (t) fiand B> = F, (t) X acting at the points

A and B respectively, whose power equals zero during
the brachistochronic motion

|

PS=F-V+F-i=0, (7
that is
~FRV +Fu=0. (8)

Differential equations of motion will be developed
based on the general theorems of dynamics [6,8,10],
that is, by applying the theorem of change in momentum
of a mechanical system, as well as the theorem of
change in moment of momentum of a mechanical
system for the moving point 4,

de ©)
A 4 % TS
— 24V, xK=M".
dt A A

The vector equations (9) have respectively the
following, corresponding scalar equations relative to the
axes of defined non-stationary coordinate system A&nd

Eom(Vo+i)=F,—Ry,
n—>-mypé = F + Ry,
—>0=0,

E—>0=0,

n—>0=0,

¢ > mVu=Rpé

(10)
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Solving the system of equations (8) and (10), the
reactions of nonholonomic constraints, as well as
control forces, are defined to realize the
brachistochronic motion, as a function of defined
quantities of state and corresponding derivatives

V.. L
Ry :—m(—§¢+2V(/}+u],
u
Rp =mou,

R =-m(&j+¢¢), v

F2 = —mV(£g0+g0j
u

During the system brachistochronic motion, the law
of the conservation of mechanical energy holds

@(V,u)=V2+u2—2ﬂ:o, (12)
m

where T is the kinetic energy of the system at initial

time moment £y = 0.

3. BRACHISTOCHRONIC MOTION AS THE
PROBLEM OF OPTIMAL CONTROL

This section involves the definition of the problem of
brachistochronic motion of the system as the problem of
optimal control.

The equations of state that describe the motion of the
considered system in the state space can be defined in
the form

x=Vsing, y=-Vcosgp,

v

The coordinates of initial state x, y,pand ¢, as well

as the kinetic energy, are defined at the initial position
of the system on manifolds:

to=0, x(19)=0, ¥(t)=0, ¢(t)=0,
2L _, (14)

as well as the coordinates of end state x,y,pand¢ at the
terminal position of the system on manifolds:

t=4, x(n)=a, y(n)=b,
p(t)=m, &(1)=2a,

where £ is the value unknown in advance of the final

(15)

time moment that corresponds to the end state of the
system on manifolds (15).

The brachistochrone problem of the motion of the
system described by equations of state (13) consists in
determining the coordinates of optimal control V" andu ,
as well as their corresponding coordinates of
state x, y,pand ¢, so that the system starting from the

initial state on manifolds (14), moves to the end state on
manifolds (15), with unchanged value of mechanical
energy (12), in a minimum time.
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This can be expressed in the form of condition, so
that the functional

1
/= J.dt, (16)
0]

in the interval [to,tl] has a minimum value.

For the purpose of solving the problem of optimal
control, defined by the Pontryagin maximum principle
[1], the Pontryagin function is developed in the form as
follows

v
H=Jy+AVsinp—A,Vcosp+i,—+Au
AO X Y (4 é: < (17)
+,uq5(V,u),
where 4y =const. <0, A, 4, , 4, and A-are coordinates
of the conjugate vector, where it can be taken
that 4y =—1, while ¢ is a multiplier corresponding to
the relation (12). Taking into account the boundary
conditions (14) and (15), as well as the fact that time
does not figure explicitly in equations of state (13), the
defined problem of optimal control can be solved by a
straightforward application of Theorem 3, that is,
Theorem 1 [1].
Based on the Pontryagin function (17), the conjugate
system of differential equations has the form

he=0, A, =0,

Ay :—V(lx cos¢+/1y sinq)), igr =

4 (18)
5_2 5
where from it follows that 4, = const. and 4, = const..

Taking into account that the initial state (14), as well
as the end state (15), is completely determined, the
transversality conditions are identically satisfied.

If controls belong to an open set, as in this case, the
conditions for determining optimal control can be
expressed in the form

2
[a_HJ =0, o H uu; <0,(i, j=1,2).(19)
Ou; uoPt 8”iauj uopt

When time £ is not determined in advance, as in this

case, in solving the system of equations (13) and (18) in
the final form, the condition should be added, following
a straightfoward application of Theorem 1 [1], that the
value of the Pontryagin function on the optimal
trajectory equals zero for Vr [ 19,1 |

H (t) =0, (20)
that is, in accordance with the relation (17)

—1+lesingo—/lchos¢)+/1¢,§+/1gvu @

+,u<D(V,u)=O.
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Now, and based on (17), (19) and (21), the value of
a multiplier 4 is determined, as well as the control

functions ¥ and u in the form as follows

2T
,u=—L,V:—O[/1 sing — 4 cos¢+l/1 ],
x y 4
2T,
u= As.
m €

Based on condition (20) defined at the initial time
moment, as well as (14), (17) and (22), the conjugate
vector coordinate 4, is determined at the initial time

moment
RS o e
0

where from a  global estimate for the

coordinate 4 (7 ) can be given

m m
- /E <7 (1)< /E (24)

Now, based on (13), (18) and (22), the basic and
conjugate system of differential equations can be
created in the form

. 2T, . 1 .
x= 7(/1)6 sing—4, cosq)+gl¢,jsmq),

. 20 . 1
y= _7[/& sing—4, cosgo-l-g/lecosgo,

2Ty . 1 1
p=——| A, sinp—A,cosp+—24_ |—,
@ m[x =4y [ z (pjé
2T,
= Do,
¢ s
A, =0, (25)
Xy:O,

. 2T, . 1
A, = —7(/1)6 sing—4, cosgo+g/1¢,j

(A cosp+A,sing),
( ysing)

Y 1 1
Ar=——| A, sinp—A,cosp+—4_ |1, —.
ET T, [ x SINP =4, COSP 4: wj v 22

Numerical procedure for solving the corresponding
two-point boundary value problem of the system of
ordinary nonlinear differential equations of the first kind
(25), based on the known initial state (14) and (23), as
well as end state (15), is grounded on the method of
shooting [2]. The four-parameter shooting consists of
determining unknown coordinates of the conjugate
vector A, A, and 4 (1 ) , as well as a minimum required
time £ .

The procedure of numerical determination of the
unknown parameters consists of ‘shooting’ the end-state

coordinates (15), at the known initial state (14) and (23).
The application of shooting method requires an estimate

FME Transactions

for the interval of parameters’ values being determined
[10]. On the basis of estimates for the values of the

conjugate vector coordinates A: (7, ), given in (24) , it

can be claimed that all solutions to the corresponding
two-point boundary value problem are certainly located
within the interval given, thereby the global minimum
time in the brachistochronic motion of the system.

For a concrete case, the estimate for the values of
coordinates A, and 4, cannot be given, so all solutions

satisfying the maximum principle should be found. For
the case of multiple solutions to the maximum principle,
global minimum is the one corresponding to the
minimum time.

The two-point boundary value problem is solved for
the values of the parameters as follows

2
T, =2 kgm

, m=2kg, a=1m, ¢, =7 /2rad.. (26)

In accordance with (16), the time of the
brachistochronic motion of the system, as well as the
conjugate vector coordinates for the given values of
parameters (26) are
1y =1.7259s, 4, =—1.0941s/m, 1, =-1.6746s/mand

Az (19)=0.2057s/m .

1.0 By
0.5

Y L y:

= B
-0.5
-1.0 A(l)

0.0 02 04 06 08 1.0
x[m]

Figure 2. Trajectories of points A and B.
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Figure 3. Graphs of angle ¢ and relative coordinate ¢.
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Figure 5. Graphs of reactions of nonholonomic
constraints R, and Ry.
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Figure 6. Graphs of control forces F; and F,.

4. DYNAMIC CONDITIONS FOR REALIZING THE
BRACHISTOCHRONIC MOTION

Differential equations of motion of the system (10), that
is, the reactions of nonholonomic constraints and
control forces as well (11), are obtained in accordance
with restrictions (1) and (2).

FME Transactions



Taking this into account, the necessary dynamic
conditions for realizing the motion of the system in
accordance with restrictions (1) and (2) [9,10], based on
the Coulomb friction laws, are that intensities of the
interaction forces between points 4 and B of the system
and the horizontal plane of motion should not exceed
the corresponding Coulomb forces of sliding friction.

The interaction force between point A of the system
and the horizontal plane of motion is defined by the

vector sum of the control force Fj and the reaction force

of nonholonomic constraint R ,, so that, in accordance

with (6), the necessary dynamic condition for realizing
the defined motion of point 4 of the system can be
written in the form of inequality

Fy=\R +R3 <F{ =uyNy, 27)

where F f and u 4 are the friction force and the sliding

friction coefficient between point 4 of the system and
the horizontal plane of motion, whereas N is normal
reaction of the plane of motion of point 4 of the system.
Analogously to what has been above mentioned for
point 4 of the system, the necessary dynamic condition
for point B of the system can be written in the form as

follows
Fg =\F} +R} <FJ" = upNy. (28)

Normal reactions of the horizontal plane of motion
of points 4 and B of the system are N4 =Np =19.6IN.
The diagrams below, based on previous considerations,
show the laws of change of minimum required values of
the sliding friction coefficients u 4 and yup.

0.0 0.5 1.0 1.5

AV, \/
0.0 0.5 1.0 1.5
tls]

Figure 7. Graphs of minimum required sliding friction
coefficients u  and up.
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Minimum required value of the sliding friction
coefficient between point 4 of the system and the
horizontal plane of motion, based on (27),

is ,uz =y (t = 1.1535) =0.282, whereas minimum
required value for point B of the system, based on (28),
is pg = ug (1 =0.913s)=0.334.

Combining the necessary dynamic conditions (27)
and (28) to realize the defined brachistochronic motion
in accordance with restrictions (1) and (2), it is clearly
deduced that minimum required value of the sliding

friction coefficient is ,u* = ,u; =0.334.

5. CONCLUSIONS

This paper considers the brachistochronic planar motion
of the mechanical system with nonlinear nonholonomic
constraint, with specified initial and terminal positions,
at unchanged value of mechanical energy. The
procedure for developing differential equations of
motion of the system based on the general theorems of
mechanics is presented.

The formulated brachistochrone problem, with
adequately chosen quantities of state, is solved as the
simplest task of optimal control by applying the
Pontryagin maximum principle. The conducted
numerical procedure for solving the two-point boundary
value problem is grounded on the shooting method.
Afterwards, the reactions of nonholonomic constraints,
as well control forces, are defined to realize the
brachistochronic motion. Using the Coulomb friction
laws, a minimum required value of the sliding friction
coefficient between the horizontal plane of motion and
the considered system is defined.

The authors consider that the results obtained in this
work can be extended to the case when the sliding
friction coefficients are below minimum required
values. In that case, when the control forces are
constrained, the task of optimal control becomes
considerably more complex, which is the subject of
future investigations.
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AHAJIM3A BPAXUCTOXPOHOI' KPETAIBA
MEXAHHUYKOI' CHCTEMA CA
HEJIMHEAPHOM HEXOJIOHOMHOM BE30OM
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Panocaas Panysnosuh, /Iparomup 3exosuh,
Mmuxamnno Jlazapesuh, llltedpan Cern’a, Bojan
Jepemuh

VY oBoM pany aHanmu3upa ce IpodieM OpaxuCTOXPOHOT
PaBHOT KpeTama MEXaHWYKOI' CHCTEMa Ca HeTMHEapHOM
HEXOJIOHOMHOM Be30M. HEXOJOHOMHM MeXaHUYKH
CHCTEM je IPEe/ICTaB/beH ca ABa YalubUTMHOBA CEUYMBA,
3aHeMapJbUBUX JIMMEH3Wja, Koja Hamelly HelnnHeapHO
OrpaHHYee Y BHAY YIPaBHOCTH Op3uHa. Pasmatpa ce
OpaxHUCTXPOHO PAaBHO KpeTame MPH 331aTOM IIOYETHOM
U KpajibeM II0JIOKajy Y3 HEH3MEHCHY BPEIHOCT
MeXaHHUYKe eHepruje y TOKy Kperama. [ludepeHunjanse
jeAHaUYMHE KpeTama, y KojuMa (QUIYpHUIly peakiuje
HEXOJIOHOMHHX Be3a M yIpaBJbayKuX CHiIa, JOOUjeHe cy
Ha OCHOBY ONIITHX Teopema AuHamuke. OBIe je TO
HO/IECHUj€ YMECTO HEKHMX APYTHMX METOJa aHaJIMTHUKe
MEXaHHKe MPHUMEHCHUX Ha HEXOJIOHOMHE MEXaHH4Ke
cHUCTEME y KOjUMa je HEONXOJHO JaTh HaKHaIHO
¢u3M4KO TyMmaueme MHOXKHTeha Beza. Dopmynucan
OpaxuCTOXpOHH TpobieM, y3 ozaroeapajyhu uzbop
BEJIMUMHA CTama je pelieH Kao, HajjeJHOCTABHHjU Y
OBOM CIy4ajy, 3amaTak OINTHMAJHOI YIPaBJbamba
npuMeHoM I[IOHTpyaruH-oBOr NpPUHLMIA MaKCHMyMa.
Hobujen je oxaroBapajyhu JABOTAYKACTH TI'PaHUYHU
npobiemM cucTeMa O0MYHUX HEJIMHEeapHUX
mudepeHMjaiHIX  jelHAYMHA KOjU  je  HEONXOIHO
HyMepUYkd pemuTH. Hymepuuku mnoctymak 3a
pelIaBame JBOTaYKacTOI TPAHMYHOT IIpodiieMa BPIIX ce
meronoM miytTuHra. Ha ocHOBYy Tako JoOujeHOr
OpaxUCTOXpOHOI KpeTama onpelyjy ce aKkTuBHeE
yIpaBJbauKe CUJIE, & YjeIHO U PeaKiije HEeXOJIOHOMHHUX
Beza. Kopuctehu KynoHoBe 3akoHe Tpema KiH3ama,
onpehyje ce  MHHUMaNHO TOTpeOHAa  BPEIHOCT
Koe(UIMjeHTa Tpeha KIN3amba, TAKO Jia Ce pa3MaTpaHu
cucteM kpehe y ckimagy ca  HEXOJIOHOMHUM
3aapxkaBajyhuM Be3ama.
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