Darko R. Radenkovié

Teaching Assistant
University of Belgrade
Faculty of Mechanical Engineering

Snezana S. Milicev

Assistant Professor
University of Belgrade
Faculty of Mechanical Engineering

Rarefied Gas Flow in Microtubes at
Low Reynolds Numbers

Low Reynolds number, axisymmetric, isothermal, compressible, slip gas
flow in microtubes is investigated in this paper. The problem is solved by
the continuum equations, continuity and Navier-Stokes, along with

Maxwell first order boundary condition. The analytical results are
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obtained by perturbation method. The solutions show a good agreement
with experimental results.
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1. INTRODUCTION

Micro-electro-mechanical ~ systems (MEMS), with
dimensions ranging from 1 mm to 1 um have found
many applications in engineering and scientific
researches [1]. MEMS are often operated in gaseous
environments, where the ratio of the molecular mean
free path to characteristic dimension is not negligible.
Hence, the rarefaction phenomena often exist in MEMS.

The Knudsen number Kr is used to identify
rarefaction effects. This number represents the ratio of
the mean free path to the characteristic length in flow
field. The following four regimes are defined based on
the value of Knudsen number [2]:

1. continuum flow: Kn <0.001,

2. slip flow regime: 0.001< Kn<0.1,
3. transition regime: 0.1 < Kn <10 and
4. free molecular flow: Kn >10.

Slip flow regime is investigated in this paper.
Navier-Stokes equations are of the order of Kn, so they
are applicable in the slip flow regime together with the
first order boundary conditions.

Many studies of rarefied flow in microchannels have
been carried out in the past decades. An important
analytical and experimental study of gaseous flow in
two-dimensional microchannels was carried out in [3].
This study showed that no-slip solution was inadequate
in predicting mass flow rate-pressure relationship. Also,
the significance of compressibility and rarefied effects
was demonstrated.

There are also many analytical studies about gas
flows in microtubes in the literature. Analytical studies
of [4] and [5] showed the significance of gas
compressibility on the pressure distribution but their
analysis did not incorporate rarefied behaviour.
Analytical solutions for pressure distributions and mass
flow rate were developed in [6] for gas flow in
microtube at arbitrary Knudsen number. It was shown
that the nonlinear pressure distribution was influenced
by the gas rarefaction.
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The structure of this paper is as follows. The system
of governing equations and boundary conditions are
converted into dimensionless form. Then, orders of
Reynolds, Mach and Knudsen numbers are analysed.
The pressure and velocity are assumed in the form of
perturbation series, as in [7], and the solutions for
streamwise velocity profile as well as pressure
distribution are derived. Then, the mass flow rate of
rarefied gas is determined and compared to the
experimental results from [8]. Regardless of existing
analytical results for rarefied gas flow through
microtubes, the solution obtained by the perturbation
method is significant. Confirmation of the accuracy of
this method by comparing with existing analytical and
experimental results enables its applications for more
complex axisymmetric flows.

2. ANALYSIS
2.1 Governing equations

We consider a steady, isothermal, compressible and
axisymmetric gas flow in a long microtube. The
geometry of a microtube is shown in Fig. 1. The
governing equations in cylindrical coordinates are:

- continuity equation
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- streamwise momentum equation
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- radial momentum equation
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and
- equation of state for an ideal gas

p=pRT, (4)

where u is the streamwise component of velocity, pis
the pressure, p is density, x4 is dynamic viscosity and
R, is gas constant.
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Figure 1. Geometry of a microtube.

The dimensionless variables are defined as:
X=x/L, r=r/R, u=ulu,, p=pl/p., P=p/p.,
p=plpe,

where L is the microtube length, R is the microtube

radius, u, is the mean streamwise velocity at the

microtube exit, p., p. and g, are pressure, density

and dynamic viscosity at the exit cross section,
respectively.

With these dimensionless variables, equations (1) —
(4) can be recast into the following nondimensional form:

- continuity equation
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- streamwise momentum equation
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- radial momentum equation and
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- equation of state for an ideal gas
pP=p, ®)
where x represents the ratio of specific heats. Mach

number Ma, and Reynolds number Re, are defined in
terms of the gas properties at the microtube exit:

2R
Ma, = —= and Re, = Lelle 27

¢ Jxplp He

Since the considered problem is isothermal the
normalised dynamic viscosity is:

j=1. (10

The small parameter ¢ <<1 is defined as the ratio of
the microtube radius to its length e =R/ L.

For the slip gas flow, the velocity at the wall is
defined with the first-order Maxwell slip-boundary
condition:

(€))

FME Transactions

il 1:—22_;”1%%8—{‘ , (11
"= o p or|.

v r=1

where o is the momentum accommodation

coefficient, where o, =0 corresponds to specular,
while o, =1 to diffusion reflection. Also, Kn, = 4,/D

represents Knudsen number at the microtube exit.
2.2 Additional assumptions

Gas flow is investigated in this paper at low values of
Mach number and it is possible to suppose that the ratio
of the square of Mach number to Reynolds number, at
the microtube exit, is also of O(¢g):

/(Mac2
Re,

2

=76, (12)

where coefficient y =O(1). This assumption provides
the same order of magnitude of pressure and viscous
force in (6). As the considered gas flow is subsonic and
slip, it is possible to assume that Mach number and
Knudsen number at the microtube exit are proportional
to a degree of the small parameter ¢ :

kMa? = " (13)
Kn, =ne", (14)

where coefficients f and 7 are both of O(l), and

exponents m and n are positive. Knudsen number can
be related to the Reynolds number and the Mach
number as:

Kn= |7 Ma (15)
2 Re

Reynolds number at the microtube exit can be
expressed from (12) and (13) as:

Re, = 2 Bt (16)

Y
Relation between exponents m and n as well as
relation between coefficients £, n and y can be

obtained from (12), (13) and (14) as 2n + m = 2 and

2

g =™ Since subsonic slip gas flow is considered,

8772
parameters m and »n must satisfy the following
conditions [9], so m €(0,2) and ne(0,1).

Based on the equation (16) there are two
characteristic flow regimes according to the parameter
m:

1. low Reynolds numbers regime, with properties
me(1,2) and ne(0, 1/2) and

2. moderately high Reynolds numbers regime,

with properties m € (0, 1] and n €[1/2,1).

Regime of a low Reynolds numbers has been
investigated in this paper and parameters m and » must
be in the appropriate aforementioned limits.
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2.3 Non-dimensionalised governing equations and
perturbation analysis description

When assumptions (12), (13) and (14) are inserted in the
system of governing equations (5)-(8) and in the
boundary condition (11), neglecting the terms of
O(¢?), equations (5) and (8) retain the same form,
while (6), (7) and (11) are simplified as follows:
- streamwise momentum equation
| L g =—18—’3+%3~(76—‘1j, an
y  ox yox Fror\ or

- radial momentum equation

op
—=0, 18
or (18)
- boundary condition
) -
i, =—¢" {277 o 1o } (19)
= o, por|

It follows from(18) that the pressure does not change
across microtube cross section, i.e. pressure is a

function only on * coordinate p=r (x)'
Streamwise velocity # and pressure p are

expanded in powers of Knudsen number, according to
(14) as

i =iy +&"i, +O(s™), (20)

p=Dpy+&" P +0(E™"), @1)

where the terms with subscripts 0 and 1 are the first and
the second approximation of the solution, respectively.
Velocity # and pressure p, in a form of power series
(20) and (21), are substituted in the system of governing
equations (5),(8),(17),(18) and boundary condition (19).
Terms in equal powers of ¢ are collected and the first
and the second approximation are derived while the
higher approximations are neglected.

2.4 The first approximation solutions

The system of governing equations (5),(8),(17),(18) and
boundary condition (19) for the first approximation can
be written as:

a(Pof‘o) -0, 22)
ox
1 _10(;% ) 23)
y dx ror\ or
|, =0. (24)

From (23) the first approximation for velocity
distribution follows:

_ 11dp,

1l =2
Uy = 47/di(1 ). (25)
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From continuity equation (22) a second-order
nonlinear ordinary differential equation for the first
pressure approximation leads to:

0~ ~
g(!’opo) =0. (26)

Boundary conditions for the first approximation of
pressure are:

Polsy = Poi and  pof_ =1. 27)

Analytical solution of (26), with boundary conditions

(27) is:
Po == Bg)F+ B, - (28)

When gas flow through microtube is investigated,
one of the two following conditions should be given:
1. ratio of inlet to exit pressure p; or
2. mass flow rate m, through microtube.
When the pressure ratio p; = py; is given, there is

no correction of that value in the second approximation.
Solutions which contain one (i.e. continuum) and two
approximations (gas flow with slip) correspond to
different mass flow rates.

In the case when mass flow rate m =my, is given,

there is no correction of that value in the second
approximation. The pressure ratio p; obtained from the

first approximation (i.e. continuum) is different from the
solution with two approximations (slip flow).

From the first approximation of the dimensionless
mass flow rate

1
g = | Pyt 277 dF (29)
0
the relation between the first pressure approximation py;
and the first approximation of mass flow rate i, is
obtained solving the differential equation

v | I O
my =_§;”POP0- (30)

Finally, the relation follows:

Po = 1+%(1—2). 31)
T

For x=0, p, = py; from (31) the relation between
the ratio of the inlet and exit pressure and the mass flow

rate follows:
3 16ym,
By = 1+ =2 (32)

From equations (25) and (31) the first approximation
for velocity reads:

iy = 2 @(1—72). (33)

\/l+16yr§zo(1—$c) 4
T
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Equations for the first approximation of slip gas
flow in microtube are indeed the solutions for the gas
flow in the continuum conditions.

2.5 The second approximation solutions

The second approximation contains only terms
of O(&") . From me(1,2) and ne (0, 1/2) follow that

O(Ma*) is smaller than O(Kn). Hence, there is no

inertial term in the equation of streamwise momentum
as in the first approximation. The second approximation
of governing equations (5), (8), (17), (18) and boundary
condition (19) at low Reynolds numbers follows:

O/ o -

— + =0, 34

8;C(l?ﬂlo Poul) (34)

1o 100 (39)

y dx rFor\ or
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Ty (36)
Po or’

"9V The
velocity distribution in the second approximation is
obtained by integration of momentum equation (35)
along with the boundary condition (36):

2
where coefficient  is defined as o =27
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For the known pressure ratio, the second
approximation of mass flow rate is not zero. It is
straightforward to obtain the following result for the
second approximation of mass flow rate from the
continuity equation (34):

: -~y L1
ny :———ﬂ(plpo) —E;ﬂapo. (38)

Integrating the equation (38) from any cross section to
the microtube exit the second approximation for the
pressure distribution along microtube follows:

N 8

D =——ym1x+4a[pl —1]. (39)
7 Po Po

For the exit cross section, ¥=1, p;=0and

Do =1, the relation between the ratio of the inlet and

exit pressure and the second approximation of mass
flow rate leads from the equation (39):

iy =22 (5, -1). (40)

Now, the solution for the mass flow rate in the case
of slip gas flow is:

7 g K 0
= g+ iy A1)

Since the second approximation of the mass flow rate
(40) is positive, it follows from (41) that for the same
inlet-exit pressure ratio, the mass flow rate in a case of a

FME Transactions

rarefied gas m is greater than the mass flow rate in a
continuum conditions r;zo . Ratio of these two mass flow
rates can be easily derived from (32), (40) and (41):

i 2-0, 1

2L —1+16Kn, -
Tty o, pi+l

(42)

If the whole value of the mass flow rate is contained
in the first approximation i.e. m=m,, m =0, then

from equation (38) the differential equation for the
pressure second approximation follows:

0

op
ax(pl o) +da2o 0. (43)

ox

Integrating this equation from any cross section to the
microtube exit, using appropriate boundary conditions:

Pol,, =1 and p|._ =0, (44)

the second approximation of pressure reads:

P =4a [ﬁi— 1} . (45)
0

In this case, the second pressure approximation has
negative values along microtube, except in the exit
section, where it is zero. Hence, pressure values along a
microtube in the case of rarefied gas are lower compared
to continuum flow, for the same mass flow rate.

2.6 Final solutions for velocity and pressure

Finally, the complete analytical solution for isothermal
rarefied gas flow in a microtube at small Reynolds
numbers will be presented.

If mass flow rate is known as condition, i.e. m =m,

then analytical solution for velocity and pressure
distribution, with respect to (20), (21), (31), (33), (37)
and (45) is:

5 4Kne am
[,:——(l )+ i =
/ 6ym(1-5) 7 ﬁ 1+16ym(1—)2)
v V4
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If the ratio of the inlet and exit microtube pressure
Do = P; 1s given as condition, then solution for velocity

and pressure distribution, with respect to (22), (23),
(27), (30) and (39) is:

. pi-l 1 -2
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Substituting the boundary condition x=0and
p = p; in the equation (47) the relation between mass
flow rate and the ratio of the inlet and exit microtube
pressure p; is obtained as:

’;l:—b+\/b2—4c

3 ; (50)

where the coefficients are defined as

2 2
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Hence, if the ratio of the inlet and exit microtube
pressure p; is given, the mass flow rate follows from

(50), and then the velocity and pressure distribution
follow from (46) and (47), respectively.

3. RESULTS AND DISSCUSION
3.1 Pressure distribution

The pressure distributions p are shown in Fig. 2. for a

long microtube, for example, for the pressure ratio
p; =3. The pressure distributions for three cases are

compared: the continuum incompressible flow, no-slip
compressible flow and slip compressible flow with
Kn~=0.1. The pressure distribution for continuum
incompressible flow is linear. Including compressibility
into consideration the predicted pressure distribution
becomes nonlinear, and the pressure is higher along the
microtube. As opposed to the effect of compressibility,
the rarefaction effect reduces the pressure nonlinearity
and the pressure values along the microtube [3], [9].
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= = = Kn =0, incompressible
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Figure 2. The pressure distribution in a long microtube
when the pressure ratio is given, equation (49).
In Figure 3 the pressure distribution p along

microtube with slip (Kn.=0.1) and no-slip, for the same
mass flow rate are presented. The rarefaction effect
leads to lower pressure in microtube.

4 T T T
v Kn =0, eq. (47)

Knz0.1, eq. (47) ||
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Figure 3. The pressure distribution in a long microtube
when the mass flow rate is given, equation (47).

3.2 Velocity distributions

Shown in Figures 4 and 5 are the streamwise velocity
distributions in long microtubes, for both slip gas flow

Kn, =0.1) and continuum gas flow (Kn, =0). These
S S

velocity distributions are parabolic and they gradually
change along the microtube. In the case of the rarefied
gas flow, the slip velocity at the wall increases toward the
microtube exit. To enforce mass continuity, fluid will
migrate from the channel centreline toward the wall [3].
The influence of the gas rarefaction on the mass
flow rate is seen in Fig. 6. The solid line represents the
solution (42), i.e. mass flow rate ratio for the slip and
continuum gas flow, for different inlet-exit pressure
ratios p; . Increase of the mass flow rate for rarefied gas

flow compared to the continuum mass flow rate is
higher for the lower pressure inlet-exit ratios.

Figure 6 also shows the comparison between
presented analytical results and experimental data
obtained by Yang and Garimella [8]. The analytical
solution agrees very well with experimental data.
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0
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Figure 4. The streamwise velocity distributions in a long
microtube at inlet and outlet cross-section.

05 0
Figure 5. The streamwise velocity distributions in a long
microtube for ,6, = 3 . The upper surface represents the

results for a flow with Kn.=0.7; the lower surface represents
the results for flow with no rarefaction.

1.9 T

Analytical solution (42)
1.8 o Experimental data [8] |

Figure 6. The solid line represents the mass flow rate ratio
for the slip and continuum flow, for different inlet and exit
pressures ratios.

4. CONCLUSION

We have performed perturbation expansion analysis of
Navier-Stokes equations with the first-order slip
condition, in the regime of a low Reynolds number. It
has been demonstrated that compressibility tends to
make pressure distribution nonlinear and gas rarefaction
tends to diminish that effect. Analytical solutions for
velocity and pressure distributions have been derived.

It has been shown that slip velocity increases toward
the microtube exit. Also, the analytical solution for the

FME Transactions

mass flow rate ratio of rarefied and continuum gas flow
has been obtained. This solution agrees well with the
experimental results obtained by Yang and Garimella [8].
This confirms the accuracy of presented method, which
provides the opportunity to obtain more complex
solutions that include inertia, non-isothermal and flows in
variable microtube cross sections.
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CTPYJAILE PABPEBEHOI' TACA'Y
MHUKPOLHEBUMA ITPU MAJIUM
PEJHOJIICOBUM BPOJEBUMA

Hdapxko P. Panenxosuh, Cuexana C. Muinhes,
Hegena /I. CteBanoBuh

VY paay ce mpoydaBa OCHOCHMETPHYHO, HU30TEPMCKO,
CTHIIJBUBO CTPYjarbe raca ca KIM3ambeM, NPH MaluM
BpenHocTuma PejHonzcoBor Opoja. Ilpobmem je pereH
MPUMEHOM jeHa4YMHe KOHTHHYHTeTa 1 HaBrje-CTOKCOBUX
jeNHaYMHA, 3ajedHO ca MAaKCBENOBHM —TPaHUYHHM
YCIIOBOM TPBOT pefa. AHAIMTHYKK —pPE3yaTatd Cy
JOOWjeHn TIpUMEHOM TepTypOarmone merone. JloOmjera
pelema ce A00pO Claky ca MO3HATUM EKCIIEPHMEH—
TaJIHUM PEe3yJITaTUMa IPYTUX ayTopa.
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