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1. UNFOLDING AND FOLDING

On the Computation of Foldings

The process of determining the development (or net) of a polyhedron or of
a developable surface is called unfolding and has a unique result, apart
from the placement of different components in the plane. The reverse
process called folding is much more complex. In the case of polyhedra it
leads to a system of algebraic equations. A given development can
correspond to several or even to infinitely many incongruent polyhedra.
The same holds also for smooth surfaces. In the paper two examples of
such foldings are presented.

In both cases the spatial realisations bound solids, for which mathe-
matical models are required. In the first example, the cylinders with curved
creases are given. In this case the involved curves can be exactly
described. In the second example, even the ruling of the involved
developable surface is unknown. Here, the obtained model is only an
approximation.
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Of constant curvature.

surface @ is unique, apart from the placement of the
components in the plane. The unfolding induces an

In Descriptive Geometry there are standard procedures
available for the construction of the development (net
or unfolding) of polyhedra or piecewise linear surfaces,
i.e., polyhedral structures. The same holds for
developable smooth surfaces. These are surfaces with
vanishing Gaussian curvature, composed from
cylinders, cones or toruses; the latter are surfaces swept
out by the tangent lines of spatial curves.

Of course, the development can also be computed by
methods of Analytic Geometry or Differential
Geometry. However, the planar counterparts of the
spatial parametrized bounding curves need not have a
parametrization in terms of elementary functions. An
oblique cylinder with a circular basis serves as an
example [11].

Figure 1. Unfolding and folding

The result of the procedure of unfolding, i.e., the
development &, of a given polyhedral or smooth
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isometry ® — & : each curve ¢ on ® has the same
length as its planar counterpart ¢, — ®,. Hence, the

development shows in the plane the interior metric of
the original spatial structure.

Figure 2. The Oloid is the convex hull of two circles in or-
thogonal planes such that each circle passes through the
center of the other

As an example, in Fig. 2 an Oloid is depicted. This
is the convex hull of a particular pair of congruent
circles. The Oloid's bounding surface @ is of course
developable. For its development (see Fig. 3), there is
even an explicit arc-length parametrization of the
bounding curves available [5, Theorems 2 and 3].
Furthermore, by virtue of the isometry, not only the
lengths of curves are preserved during the unfolding,
but also the surface area of ® , which equals that of the
unit sphere [5, Theorem 5], provided that the circles
defining the Oloid are unit circles.

Remark: The book [4] presents a wide variety of
mathema-tical problems around the unfolding and
folding of polyhedra.
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Figure 3. The development of the Oloid’s bounding surface

The inverse problem, i.e., the determination of a
folded structure from a given development is more
complex. In the smooth case we obtain a continuum of
bent poses, in general. This is easy to visualize by
bending a sheet of paper. In the polyhedral case the
computation leads to a system of algebraic equations, and
also here the shape of the corresponding spatial object
needs not be unique. Sometimes even infinitely many
spatial objects with the same development are possible.
Then the structure is called flexible. If the system of
algebraic equations has an isolated solution with higher
multiplicity, one speaks of an infinitely flexible
realisation. Otherwise it is called locally rigid (for details
see [16], [12] or [13] and the references there).

If a given development allows two realisations
sufficiently close together, a physical model can flip
from one into the other. Their seeming flexibility results
from slight bendings of the faces or clearances at the
hinges. A famous example in this respect is a
polyhedron called “Vierhorn” (Fig. 4). It is locally
rigid, but can flip between its spatial shape and two flat
poses in the planes of symmetry. At the science
exposition  “Phdnomena” 1984 in Zirich this
polyhedron was exposed and falsely stated that it is
flexible (note [18]).

If a polyhedron bounds a convex solid then the result
of the folding is unique. We owe this result to the

B

Vienna University of Technology

Russian ~ mathematician ~ Aleksandr  Danilovich
Alexandrov who stated in his famous Uniqueness
Theorem (1941): For any convex intrinsic metric there
is a unique convex polyhedron [1]. In this respect, an
intrinsic metric is called convex, if for each vertex the
sum of intrinsic angles for all adjacent surfaces is
smaller than 360°. By the same token, A. I. Bobenko
and I. Izmestiev created 2006 an algorithm for the
construction of the convex polyhedron with given
intrinsic metric [2].

It is of course possible that such a convex metric
admits beside the convex realisation still other
realisations. Take, e.g., a cube and replace one face by a
right pyramid with the bounding square as basis and a
sufficiently small height. Then the development remains
the same, whether the apex of this pyramid lies in the
exterior or interior of the original cube.

The smooth counterpart of Alexandrov's Uniqueness
Theorem is the theorem stating the rigidity of ovaloids,
which are defined as compact two-dimensional
Riemannian spaces of positive Gaussian curvature (see,
e.g., [3, 15]).

In the sequel we present two examples of smooth
foldings. In one case the ruling is given; the involved
surfaces are cylinders. In the other, much more complex
case the ruling of the involved developable surface is
unknown.

Figure 4. This polyhedron called “Vierhorn” flips between its spatial shape and two flat realizations. Dashes in the develop-

ment below indicate valley folds.
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2. FOLDING CYLINDERS WITH A COMMON CURVED
EDGE
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Figure 5. Wunderlich's original figure in [17]: development
with crease ¢, (top) and spatial form (bottom)

A very common way of producing small boxes in
shops or in fast-food restaurants is to push up
appropriate planar cardbord forms with prepared
creases. In the case of creases along circular arcs (see
Fig. 5) W. Wunderlich proved in [17] that at the spatial
form the creases between the cylinders are again planar.
They belong to a family F of non-elementary curves
which are well-known in Differential Geometry since C.
F. GauB}: the curves are meridians of surfaces of
revolution with constant Gaussian curvature. The family
F includes circular arcs, since spheres have a constant
curvature, too. Below, we prove a slight generalization
of Wunderlich's result.

Figure 6. Given a surface of revolution, x; =1/p, and

K, =1/p, are the principal curvatures at the point P ¢
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To begin with, we determine a differential equation
which characterizes the curves of ‘F : Let the meridian

c in the xy-plane with the twice-differentiable arc-length
parametrization

c(s) = (x(s),y(s)) for 5, <s<s,

rotate about the x-axis (Fig. 6). If primes indicate the
differentiation with respect to (w.r.t., in brief) the arc-
length s then c¢'=(x",y")=(cosa, sin) is the unit
tangent vector, and c¢"=(x",y") =K (y,—x") is the
curvature vector.

At all surfaces of revolution the meridians and
parallel circles are the principal curvature lines.
Therefore, the signed principal curvatures at the point
P=c(s) are

"

y _cosa

K==

b 2 = .
cosa y
The Gaussian curvature K =k -k, is constant if

and only if the arc-length parametrization of the
meridian c satisfies the differential equations

YHKy=0, x'=1-y? (1)

with K = const., provided that cosa #0.
In the case K =0 the meridians are lines; the
corresponding surfaces of revolution are cones or

cylinders. In the remaining cases K#0 we obtain the
general solutions

K>0: y=aCOSS\/E+bSinS\/E or

2
K <0:y=acosh sv/—K +bsinh sv/—K

with constants a,be R and x =J. l—y'zds.

After specifying an appropriate initial point s = 0 the
arc-length parametrization, there remain — up to
similarities — six different cases. This classification
dates back to C. F. GauBl (1827) and F. A. Minding
(1839) (note [3, p. 169], [6, 277-286], [7], [9, p. 158], or
[15, 141-148)).

In Fig. 7 three of the six types are depicted. Due to
Scheffers [11], the curve c with K =1, 0<a<1 and b =
0 (type 1) shows up at the development of an elliptic
cylinder when bounded by a circular section. At type 2
with K = 1 and (a,b) = (1,0) the meridian c is a half-circle
centered on the x-axis. The meridian ¢ for K = -1 and
(a,b) = (1,1) of type 3 has the arc-length parametrization

x=4/1-e™ —arcoshe’, y=¢", s> 0.

This defines a tractrix c, for which the contacting
segment PT at the point Pe ¢ with T on the x-axis

satisfies PM,-PM, = PT =1.
Theorem. Let F;, be the family of meridians of surfaces

of revolution with constant Gaussian curvature K #0.
Suppose the curve c,e F, bounds together with the

corresponding axis ay (= x-axis) the development @,

of a cylindrical patch with generators orthogonal to ay .

FME Transactions
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Figure 7. Curves of the family ﬁ of meridians of surfaces of revolution with constant Gaussian curvature K # 0

If at a cylindrically bent pose ® of &, the

corresponding boundary curve c is located in a plane &
then ¢ is again a member of the family F, and even

with the same curvature K. The axis of c is the meet of
& and the plane of the orthogonal section through the

bent counterpart a of the original axis ay .
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Figure 8. Development &, and bent pose ¢

Proof. The bending from the flat initial pose &, to the

cylindrical shape @ is an isometry. Therefore the arc-
length s of ¢, serves also as arc-length of c c €. If at

the bent pose @ the line of intersection between € and
the plane of the bent cross section a is used as x-axis
then the ordinate y, of any point of ¢, and the y-coor-

dinate of the corresponding point of ¢ satisfy

FME Transactions

Yo(s)=y(s)cosfB, with f=const. 3)
being the angle of inclination of the generators of &

w.r.t. the plane £ (Fig. 8). We have ﬂ<% since

otherwise ¢, would be a line.

The ordinate y,* of the given boundary curve ¢,
satisfies (1). Consequently, the planar section ¢ of @
satisfies the same equation y"+ K, = 0. This means in
particular that the Gaussian curvature K of the
corresponding surfaces of revolution is preserved.

If we plug (3) into the general solutions y, = y,", as
listed in (2), the coefficients ay, by are replaced with

b
a=-_>q) and b=—0_>h. )

cosf cosfB

This proves the Theorem.

We can perform a continuous bending from @, to @
by varying the angle § of inclination in an intervall 0 <
< pi. The condition |y'I<1, by (1), implies an upper
limit g, for B: The angle S cannot be greater than the
angle in the initial flat pose between the generators and
the boundary ¢, .

Here are a few examples of the Theorem:

e In Fig. 7, type 2, the curve c is a circular arc.
Hence, the cylinder ® is elliptic and ¢, a curve of
type 1. This confirms Scheffers' result in [11].

e If ¢, lies on a tractrix (type 3) then c is congruent
to another portion of the same tractrix. This follows
from (4) for a=b, but it can also be concluded from
the fact that the distance PT along the tangent
from the point Pe€ ¢, to the intersection T with the

x-axis (see Fig. 8) remains unchanged during the
bending from @, to ©.

e The statement in the Theorem above includes also
Wunderlich's particular case (see Fig. 5) with ¢, of

type 2. However, we still need to prove the
planarity of the boundary curve c¢ at the box
depicted in Fig. 5, bottom. This can be done as
follows:
Proof. Physical models of the box demonstrate that its
shape is uniquely defined by its development. We show
that there is a solution where the four bounding surfaces
are cylinders.
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The spatial counterpart c of the circular arc ¢, in Fig.
5, top, is common for two cylinders. At each point P of
¢ the geodesic curvature of c is the same for both
cylinders since it is equal to the curvature of ¢ in the
development at the corresponding point. Therefore at P
the tangent planes to the two cylinders must be
symmetric w.r.t. the osculating plane of c at P.

Also the generators of the two cylinders at P must be
symmetric w.r.t. this osculating plane since in both
tangent planes the generators include the same angle
with the tangent to c, which is the meet of the two
planes. The direction of the generators does not change
when P traverses c. Hence, also the osculating plane as
well as the binormal of ¢ cannot change its direction.
But then the torsion of ¢ must be zero, and c is planar.

Remark: An analytic proof of a slightly generalized
theorem can be found in [14, Theorem 3].

When we reflect the second cylinder through c in the
plane of c, we obtain an extension of first cylinder
beyond its original boundary c. (In rigid origami this is
called reflection operation (see, e.g., [10, p. 187]). For
each pair of generators, which meet on c, the plane of ¢
is an exterior angle-bisecting plane.

3. FOLDING WITH UNKNOWN RULINGS

Figure 9 shows a development @, with a boundary c,,

which is a C'-curve composed from two straight line
segments and two semicircles of equal lengths. Let A
and C, be two opposite points of transition between
semicircles and straight line segments for bisecting the
boundary. Now the spatial form @ is obtained by gluing
together, from A, on, the semicircle of one part with
the straight segment of the other, and vice versa (Fig.
10, top to bottom). The question is, how to obtain a
mathematical model of the resulting body?

In contrast to Example 1, the crucial point is now
that the ruling is unknown, and local conditions are not
sufficient for modelling the bent shape. The constraint is
of global nature: the boundary ¢, of ®, must finally

give a two-fold covered closed curve c.

In [8] a general and effective appoximating method
is presented in order to compute the spatial form from
given planar shapes. Our approach in this particular case
is different. The inspection of a physical model (Fig. 10)
reveals:

e The corresponding spatial body with the boundary
@ is convex and uniquely defined.

e The helix-like curve c is a proper edge of ® ; the
resulting solid is the convex hull of c.

e  The spatial body has an axis a of symmetry which
connects the spatial position M of the center M,

with the remaining transition point B=D on c.

e The semicircular disks are bent to cones with apices
A and C. Hence, the boundary & is a C'-
composition of two cones and a torse between.

We traverse ¢ from A to C and subdivide it at the

transition point B=D into the two parts ¢, and c,.

Due to the observations at the physical model, we can
state:

(a) The rotation about the axis a of symmetry through
180° maps @ onto itself and interchanges c¢; and c,.
Hence, a is orthogonal to the tangent #5 at the transition
point B. The apices A and C are symmetric w.r.t. a. The
generator g, of @ through the central point M is
cylindric and has a tangent plane orthogonal to a.

(b) Because of the straight segments of the development
co, the developable surface on the left hand side of ¢,
belongs to the rectifying torse of c;. With respect to the
right hand side, ¢, is a geodesic circle of ©.

(c) Since at A, the semicircle is tangent to the adjacent
straight segment, the surface @ has cone singularities
with the intrinsic curvature z at the points A and C.
Therefore, at point A the surface can be approximated
by a right cone with the apex angle 60°. The initial
tangent f4 to c¢; is a generator of this cone.
Consequently, the osculating plane of ¢; at A coincides
with the cone's tangent plane along 74, and the rectifying
plane at A passes through the cone's axis.

/
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Figure 9. Development of the second example
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(d) @ belongs to the connecting torse of ¢, and c,. If g is
a generator of ® whose counterpart in the development
meets both straight segments of the boundary ¢, then g
meets c¢; and ¢, at points with parallel and equally
oriented tangent vectors.

(e) At the point E, € ¢, of transition between the cone
with apex A and the continuing torse (see Fig. 9) the
tangent to ¢, must be parallel to the initial tangent #, to
c; at A. The symmetric point E, € ¢, has a tangent
parallel to the final tangent #. of c¢,. By virtue of item

(d), the tangent indicatrices of the subarcs AEof ¢; and
E,C of ¢, must coincide.

Figure 10. The transition from the development to the spa-
tial form (photos: G. Glaeser)

It turned out that a good approximation arises when
we specify the conciding subarcs of the tangent
indicatrices as a circular arc. Then the corresponding
space curves AE, cc¢, and E,C Cc, are of constant

slope, and their common rectifying torse is a cylinder.
Conversely, if the middle part of @ is supposed as a
cylinder the arcs AE; and E,C, being geodesics, are
curves of constant slope w.r.t. generators g of this
cylinder. In the development (Fig. 9) all generators g,
which meet the two straight segments of ¢, are of equal

FME Transactions

lengths. There is a translation along g which maps the
arc AE, c ¢, onto the arc E,C cc,. The half-rotation
about the axis a of symmetry maps E,C back to EA.
Hence, there must be a half-rotation with an axis
parallel to a which exchanges A with E; while the arc
AE, is mapped onto itself.

Af

Figure 11. Principal views of the approximation; the cylin-
drical patch is shaded

This means, the slope curve AE; has an axis a; of
symmetry which meets c; at a point F. The axis a; must
be orthogonal to the tangent plane of the cylinder at F,
in order to guarantee that the complete arc AE; is a
smooth slope curve. Since E; and C are the images of A
under reflections in parallel axes a, and a, respectively,
the points A, C, E,, and E, lie in a plane orthogonal to a
(note the side view in Fig. 11).

The approximation depicted in Figs. 11 and 12
yields the following numerical results: The slope angle
of ¢ w.r.t. the cylinder is approximately y = 54.53°. The

‘width® MB of the solid, in terms of the semicircles'

radius r, is 1.18r, the ‘height’” AC = 3.635r, and the
angle ABC = 130.67°.

These data correspond quite well to the physical
model. However, in [14] it is noted that there is still a
tiny contradiction inherent in the model with the
cylindrical patch. So, at the exact model, the torsal part
between the two cones of @ must deviate slightly from a
cylinder.

We can fold the sheet shown in Fig. 9 in two ways,
since we can choose the depicted side either in the
interior of the solid or in the exterior. At the first choice
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the curve ¢ has negative torsion (see photos in Fig. 10).
Otherwise its torsion is positive (see Fig. 12).

Figure 12. Approximation with a cylindrical patch
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O ITIPOPAYYHY CABUJAIBBA KO
MHOJIMEJAPCKHUX CTPYKTYPA

X. ITaxea

[octymak onmpehuBama pa3Bujama MOJHEIPA Y MPEXKY
WIA pa3BOjHE TIOBPIIMHE C€ Ha3WBa Pa3BHjambe U laje
JEAMHCTBEHH PE3yJITAT, MOPE]l OCTABIbaba PATUINTHX
KoMroHeHata y paBaH. OOpHYTH MOCTyHaK KOjU ce
Ha3WBa CaBUjalbe MHOTO je CIOXKEHWjH. Y Ciy4dajy
nojuesapa OHO JIOBOAM JIO CHCTEMa alredapcKux
jenHaYuHa.

Jaro pa3Bujambe MOXE Jla OAroBapa HEKOJMLUHU HIIH
OceckOHAYHOM Opojy pasHONMKHX moiauenapa. Mcro
BOXM M 3a IJIaTKe MOBpIIMHE. Y paay cy Jaara JBa
npuMepa TaKBUX caBHjama. Y oba ciaydaja mpocTopHA
peanu3anyja je Be3aHa 3a Tella 3a Koja Cy MOTpeOHU
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MaTeMaTU4KH Mojenu. Y TIpBOM MpUMEpPYy Cy IpuMepy 4Yak je U IOHamame oOyxsaheHe pasBojHE
MIPUKA3aHK IWIMHJAPH ca KPUBUM Habopuma. Y TakBOM MOBpIIMHE Hermo3HaTo. JloOwjeHm Monenm  oBfe
Cllydyajy KpUBHHE C€ MOTY TayHO ONHCAaTd. Y ApPYrom MIPEACTaBIba CaMO alpOKCUMAIIH]y.

FME Transactions VOL. 45, No 2, 2017 = 275



