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Influence of the Wall Roughness on a
Linear Shear Flow

In this paper, we will be interested in the viscous flow fluid over a rough
wall which has a periodic roughness and small amplitude. The Reynolds
number for the flow over a rough wall is low and the creeping flow
equations apply. The no-slip boundary condition on the rough wall

applies. By using an asymptotic expansion, the analytic expressions are

Mohamed Chaoui

Professor

Moulay Ismail University
Faculty of sciences
Morocco

obtained for the pressure and the components f velocity of the flow of
second order due to the roughness, then concluding the expressions of
pressure and velocity of the flow on the rough wall.
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1. INTRODUCTION

Usually the walls are assumed to be smooth. Although
this assumption is successful in describing fluid flow on
macroscopic length scale, but it is not valid for micro—
scopic scales due to the importance of the influence of
roughness on the flow, which will have of course the
repercussions on a lot of practical applications, such as
in separation techniques in analytical chemistry (field-
flow fractionation and hydrodynamic chromatography)
[1], small scale transport phenomena, microfluidics,
biological flow fields [2,3].

There is a large literature on roughness influence in
various industrial fields from the macro scale [4] to micro
scale [5]. The most of this literature concerns tur—bulent
flow, or of an experimental nature in fluid mec—hanics.
The question is often how microscopic rough—ness
parameters influence macroscopic flow. Huh and Mason
[6] studied theoretically by using mechanistic arguments,
the effect of roughness of a solid surface on its wettability
by a liquid. By calculating the equilibrium shape of a
liquid drop resting on a rough surface, they obtained the
relation between the true (or microscopic) equilibrium
contact angle at the three phase contact line and the
apparent contact angle observed macroscopically at the
geometrical contour plane of the solid.

Many studies showed that rough surfaces limited a
flow, with a no slip boundary condition, behaves as plan
surface with a slip condition [7, 8, 9, 10].

Jansons [11] showed that very small amounts of
roughness can well approximate a no-slip boundary
condition macro-scopically.

Priezjev [12] by using the (MDS), investigated the
influence of molecularscale surface roughness on the
slip behavior in thin liquid films. He has shown that the
slip length increases almost linearly with the shear rate
for atomically smooth rigid walls and incommensurate
structures of the liquid/solid interface. The majorities of
these works are interested in the influence of the wall
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roughness on the slip length, without cal—culating the
flow of second order due to this roughness, in a case of
a rough wall with a sinusoidal roughness.

In this paper, we will calculate the flow of second
order due to a roughness in the case of rough wall with
periodic roughness. We consider the steady shear flow
over a periodically corrugated surface. We will use the
asymptotic approach to derive the analytical expression
of the stream function of flow generated by the roug—
hness, then we derive the analytic expressions of the
pressure and components velocity due to the roughness
of wall. The slip length for a no-symmetric periodic
roughness is calculated.

2. MATERIALS AND METHODS

We consider a shear flow limited by a rough wall Fig.1.
The flow away from the wall is defined by the linear
velocity field Vi = k,Zi ., but near the rough wall their

form is no longer linear, that due to the perturbation
generated by the roughness.

The roughness considered here is two-dimensional
and the flow sought is perpendicular to the roughness

Fig.1. Let (\73, T’s) be the velocity and pressure field of
the flow in the vicinity of the wall In the right-handed

system of rectangular Cartesian coordinates ()~( Y, Z ),
the velocity field can be expressed as

\~]s :0six +Wsiz (1

The field flow (,\V’s, Ps )is governed by the Stokes equ—
ations by assuming that their Reynolds number is small.

n~(0) ~~ _ ~
M sz Vs = VPS(O) V; =0, on the rough wall Z = 0.

With

6.’\7(30) =0 Vgo) — V?O,Z — o0, atinfinity

from the wall.
(2)

In the case of small roughness amplitude (e<<l1), the
velocity and pressure fields can develop asymptotically
in the form:
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Figure 1. Linear shear flow over a periodic wall.
with
(U] (0) .
e (Vs’',Pg") are the velocity and pressure field

of a linear shear flow limited by a smooth (vir—
tual) wall located in Z=0with a no-slip con—
dition.

OB .
e (Vs ,Ps) are the velocity and the pressure of

the field flow of order ¢ generated by the wall
roughness.
0]

The flows ({720 (0) Jande (Vs , PS ) are gover—
ned by the Stokes equations. By substituting the expre—
ssions (3) of velocity and pressure field of the global
flow in the Stokes equations (2), and by linearity of
these equations and the separation of terms of order 1
and of order &, we obtain:

The flow of order (0):

u VAV = RO
With

{75 =0, on the rough wall Z =0.

0 “)

VAV v

—>Vs 7 — oo, atinfinity

from the wall.

The solutions of the velocity and pressure fields of
the order (0), according to the boundary conditions (4),
are trivial:

VO -VE =k Zi, (5a)
V-0 (5b)

For the flow of order (1), we must first find the boun—
dary conditions. On the rough wall, whose profile is desc—

ribed by the equation Z p= agR()M( ) we use the Taylor
expansion in Z=0to express the velocity vector Vs.

aVs 2
+0(e”)=0 (6)
oz L:o

[\75 ]2:0 + gaR(X){

By substituting the expression (3) of Vin Taylor
development (6), and with boundary conditions (4) of

(U]

the flow (VS (0)) the boundary condition of the

fl W(Vs ,Ps )onavirtualplaneZ:O:
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0
vy %)

[V?’l — —aR(X)
Z=0 ~
Z=0

The boundary conditions (2) and (4) at infinity from
the wall of the perturbed velocity field V, and unper—

. (0 . .
turbed velocity field Vg ) give the expression of the

velocity field of order (1) \~7§1) at infinity (2 —>©):

v 50,7 5w ®)

The condition (7) becomes with the expression (5a):
o _ TNT s
Vs | =—aR(X)ksi, ©)
Z=0

Where R()N( ) is a periodic, normalized function that
describes the roughness of the wall (10).

+00
R(X)=cy+ Y (¢, cos(nwX)+s, sin(nwX)) (10)
n=l
The condition (9) appears as a tangential velocity
which varies with the position X on the virtual plane
wall localized in Z =0, and it is analogous to a Navier
slip condition with length slip.

2.1 Stream function of order (¢)

The order (1) solution with conditions (8) and (9) is

searched for in terms of a stream function !/lg) Follo-

wing [7], an appropriate solution is written in the form:

~() (d,Z+ f,)cos(nawX)
2h

vy =doZ+fy+ ]xp( nwZ) (1)
+He, Z+ gn)sm(na)X)

By using the boundary conditions, we find the exp—
ressions of the coefficients dy, f), f,, d, e, and g,:

dy =—cpak
d, =—c,ak
Ju=0
e, =—s,ak
g,=0

According to Hocking [5], the value S = edy/ak, = -
coe represent the dimensionless slip length, which that
the no slip velocity condition on the deformable wall
turn into the slip velocity condition on the plan wall

located at Z =0.
oU
0z

And then, the flow away from the rough surface can
be written as follow

Us ~(Z+aP)k, (13)

Us=ap (12)

The above expression of £ show that the dimen—
sionless slip length is negative, this sign depends on the
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reference plane Z =0 where it is located with respect to
the wall deformation. In our model, it is at the bottom of
the deformation, so the minus sign indicates that the
equivalent plane surface with adhesion condition is
located above the plane wall Z =0, between peaks and
valleys, with adimensional separated distance c¢ .

2.2 Velocity field of the flow of ( £ ) order

After determining the stream function of the flow gene—
rated by the roughness, the velocity field of order ¢ can
be expressed by:

VO 005, 47,
N N

With US(O), VI7S(1) are the components, in X and Z di-

rection, of velocity field \79). These components are

linked to the stream function by:
~(1) ~(1)
~1) O ~(1 0
g): Vs ;Wﬁ):— Vs
0X

oz
From the stream function expression (11), we find:

+00
U 9) =—acok, +aks Z[cn cos(nwX)+s, sin(na)X)]
n=1 (14a)
[nw? - 1} exp(—na)Z )

+0
WY =—acok +aks 3 [ 5, cos(noX)~ ¢, sin(noX) |

n=l1

(14b)
n exp(—na)b

2.3 Pressure field of the flow of order ()

The flow (\79) ,7’9)) is governed by the Stokes equ—
ation, so:

50

~(1 ~(1
or”  2g0 g
—— = /If — f ) (153)
oxX oX oz
T
2-=0 15b
o7 (15b)
I —a —a
6PS ~ o2 Wg) o2 Wg)
e L X ) S (15c¢)
0Z oX oz
From the expressions (14) of US(I) and Ws(l), we
may write:
220"

+00 ~ N
S = aks > n’w? [—cn cos(nwX)—s, sin(na)X)J
n=l

a} (163)
[na)z —IJ exp(—na)Z)
o (7(1) +o0
~2S = aks Z n’w’ [sn cos(na)X’)+ c, sin(na)X’)J (16b)
oz n=1

[na)f - 3] exp(—nw?)
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22 I,7,(1)

S — gk 33 T . 5%

—— = aks Zn 0] [—sn cos(nwX)+c, sm(na)X)] (16¢)
0X n=1

Z exp(—na)z )

aj(é = (l]}_; ;nzaf |:_Sn cos(na)}v() G Sin(na)}v{)] (16d)

[na)z —2] exp(—na)Z)

The pressure P(gl) depends on two variables X and
Z , its differential

50 50
apV = i + 0Fs i,
s 0X 0z

After an analytical calculation used in the symbolic
software, the following result is obtained:
=)

O]
Kl 8PS 6PS

oZ| ox | ox| oz

. ~(1
Therefore the expression of the pressure Pg )

~ +w o~ o~
Pgl) =2aprk; a)z o [sn cos(nwX)—c, sin(nwX )J a7
n=l

n exp(—na)z )

2.4 Global Stokes flow (V,P,)

By substituting the expressions (5), (14) and (17) of the
" ~(0) ~(0

velocities and pressures fields of the flows (Vg ),Pg ) )
=0 =0 . . .

and (Vg ) ,Pg)) in the expressions of the velocity and

pressure fields (3) of the global flow in the vicinity of

the rough wall, we find:

~(1) ~ .= ~ ) ~
U(S =kyZ—ascyk, +asks Z[cn cos(nwX)+s, sm(na)X)J

n=1

(18a)
[na)z - IJ exp(fna)b

W(l) = ack, ZZ [cn cos(nwX)+s, sin(na)X)J
s el (18b)

[an - 1} exp(—nw?)

=) P = .
WS =&2apskwZ Z [sn cos(nwX)—c, sin(nwX )J

n=l1

(18¢)
n exp(—na)z )

The stream function of the flow is also written in the
form

~ _~0) ~@O
vo=y, +ep, +0(&) (19)

~0) 1, =2. .
where, !//E . EkSZ is the stream function of the flow
of order (0). By taking into account the expressions of
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~(0)

v, and J(l)

¢ » the expression of stream function of the

flow along the rough wall becomes:
(—al~c sCp Z ) cos(na)X)

.~ _ exp(—na)é) (20)
H—akss, Z)sin(nwX)

70 =%kS?2 e

N

To make the system non-dimensional, the following
quantities are used:

Us = ak,U, v, Py = apk Py, =dky,.

With Uy, Wi, Py, y, are the dimensionless quantities of the
velocity components, the pressure and the stream
function of the stokes flow in the vicinity of a rough wall.

3. RESULTS AND DISCUSSION

In this section, we calculate the numerical values of the
stream function, the velocity and the pressure field, on
the range of two periods, by taking two types of
roughness, the symmetric roughness Fig 2 and the no-
symmetric one Fig 7. The results show that the
roughness and its parameters (period, amplitude and
form) have a huge influence on the flow over the rough
wall.

Fig 3 and Fig 8 show that the particles trajectories of
the fluid no longer follow their linear trajectories as
away from the rough wall, but they flow the trajectories
resemble to profile of roughness. This influence of
roughness on the particles of fluid decays as we move
away from the rough wall.

02

(218

/1// 1 1 7;77-\\\\\4//1/ I 1 \\\\

0 1 2 3 4 5 [ 7 8 9 10

Figure 2: The symmetric roughness profile with1 =1/2,0 =
0.1and L =5.

Figs 4 and 9 show the pressure fields for both kinds
of roughness. These results show that the pressure filed
depends on the roughness form. Take for example the
region 2.5 < X < 7.5 in Fig 2, we observe from Fig 4
that The pressure contours indicate the presence of an
adverse pressure gradient in the region 2.5 < X < 5 on
the right side of the peak, whereas on the left side of
the peak the pressure reaches its maximum value in the
region 5 < X < 7.5. These results are in good agreement
with those found by Niavarani and Priezjev [13] for the
case of sinusoidal roughness. This variation of the
pressure field near a rough wall can explain that the
fluid particles move easily on the right side of the peak,
but as soon as they reach the point X = 5, they find in
front of them the growing part of the roughness which
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will decrease their motion, that is why we observe the
increasing of the pressure in this region. These
influences of roughness is remarked also for the velocity
components as showed in Figs. 5, 10, 6, 11.
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Figure 3: Stream function of the flow near a rough wall,
symmetric roughness with §=1/2,£=0.1 and L =5.
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Figure 4: Pressure field of the flow near a rough wall, with
symmetric roughness, 5 =1/2,e=0.1 and L = 5.

Us
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Figure 5: The field of the horizontal component of the velo-
city of the flow near a rough wall, symmetric roughness
with6=12,e=0.1and L =5.
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2005

Figure 6: The field of the vertical component of the velocity
of the flow near a rough wall, symmetric roughness with &
=1/2,e=0.1and L = 5.
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Figure 7: The no-symmetric roughness profile with 0 = 3/4, 10
=0.1andL=5.
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Figure 8: Stream function of the flow near a rough wall, no-
symmetric roughness with & = 3/4, £ =0.1 and L =5.
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Figure 9: Pressure field of the flow near a rough wall, with
no-symmetric roughness, 6 =34, £=0.1and L =5.
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4. CONCLUSIONS

The study shows that the wall roughness generates a flow
of second order, which has a big influence on the global
flow over a rough wall. The numerical results show, in
the case of symmetric or asymmetric roughness, that the
streamlines function of the flow is influenced by the
perturbation due to the roughness. The fluid particles
follow the trajectories imposed by the roughness form.
This influence is important near a rough wall, whereas we
observe the disappearance of this influence due to the
roughness on the fluid particles that are far from the wall,
where the flow becomes again linear. In addition to this,
the pressure and velocity components varies in the
periodic way. As shown in the numerical result of the
pressure, for the two cases of roughness, the flow near a
rough wall creates the adverse pressure gradient in the
right side of the peak, whereas on the lift side the pressure
reaches its maximum value.
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NOMENCLATURE
R, Reynolds number
£ Dimensionless roughness amplitude
L Period of roughness
v Dimensional velocity
P Dimensional pressure
1/~/ Dimensional stream function
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()N( s Y ) VA ) Cartiesian coordinates

R()? ) normalized function
K, Shear rate

YTHUIAJ XPAITABOCTHU 3UJA HA JIMHEAPHO
CTPYJAE YCJIIEL CMULIAIBA

P. Acyam, K. Jlam3yn, M. Yayu

Pan ce 6aBu crpyjameM BHCKO3HOT (uiynaa Ha mepH—
OJJMYHO XparaBoM 3UIy Maje aMmIuuTyne. PejHonncos
0poj 3a cTpyjame Ha XparaBoM 3WY j€ Mald a BaXe U
jennaumne myseher crpyjama. Takohe Baxu crame 0e3
rpandna Ha XxpamaBoM 3uny. Kopumhemem acumn—
TOTCKOT IpOIIUpema A00ujajy ce aHaJIMTHYKU H3pasu
3a NMPUTHCAaK M KOMIIOHEHTE Op3WHE CTpyjama Jpyror
pena, a IOTOM W Kpajiku M3pa3H 3a NPUTHCAK U Op3uHY
CTpyjama Ha XparaBoM 3U1y.
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