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Incorporating Motion of Upper and 
Lower Platforms: A Generalized Inverse 
Kinematic Model for Simulation and 
Experimental Testing of 6-UPS Stewart 
Platform 
 
Due to accuracy and precision of parallel manipulators like Stewart 
platform, several technological applications have relied on them. An 
accurate kinematic model must be developed in order to improve the 
manipulator’s accuracy. In this paper, inverse kinematic model 
investigation and verification have been accomplished. Conducting both 
upper and lower platforms under various motion types is a defining feature 
of this model. The 3D model of the platform has been directly linked to 
SimMechanics, paving the way for simulation analysis. MATLAB was used 
to code the obtained kinematic model. Workspace analysis of the platform 
has shown the permissible 3D range of each leg, and its intersection 
consists the total range of the upper platform. Simulation analysis has 
shown that, position track error hadn’t exceeded 10% along any axis, 
while orientation error hadn’t exceeded 2.32% about any axis. In the 
Experimental model test, the total average error in actuator’s 
displacements is 0.094 cm, while the total average error in rotation angles 
is 1.145°. 
 
Keywords: Stewart platform; Parallel manipulator; Inverse Kinematics; 
Workspace; MATLAB; SimMechanics; Simulation; Experimental model. 

 
 

1. INTRODUCTION 
 
Stewart platform is a parallel manipulator with high 
accuracy, stability and agility. It has attracted attention 
as it is utilized in various industries, as shown in (Fig. 
1), including aerospace and flight simulators, virtual 
reality and entertainment, precision manufacturing, ast–
ronomy and space telescopes, 3D printing and additive 
manufacturing, robotics and automation, motion simu–
lation and training, medical surgery [1], autonomous 
vehicle testing and vibration isolation devices. It is also 
could be used as stabilization platform [2]. 

 
Figure 1. Stewart platform applications: (a) flight simulator 
[3]; (b) AMiBA radio telescope [4] 

Kinematic characteristics of a parallel-robot like 
Stewart platform shown in (Fig. 2) are different from 
those of serial link mechanisms [5–8]. It has many kine–

matic constraints issues and a closed loop structure, 
which is too complicated to be solved by forward (di–
rect) kinematic method [9]. 

 
Figure 2. Stewart platform 

The kinematic model introduced by Guo, Hongbo 
and Li, H. in 2006 [10], provided the manipulator 
velocity and acceleration analysis needed to formulate 
and derive the dynamic equations. The velocities of 
centre of gravity of the two (upper and lower) parts of 
the linear actuator were obtained through the angular 
velocity of the linear actuator. That angular velocity was 
derived on the basis that it is perpendicular to leg’s 
longitudinal axis. This approximation was used by many 
references, but it only simplifies the kinematic equations 
as it is not always applicable [9]. 

In the universal-prismatic-spherical (UPS) Stewart 
platform, angular velocity of linear actuators is resolved 
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along the universal joint revolution axes into two com–
ponents [8, 9]. A solution to the kinematic problem 
introduced by Kalani, Hadi and Akbarzadeh, Alireza in 
2016 [11], consists of comparative equations that inc–
lude each leg unit vector and the rotation matrix of the 
universal joint of each leg. That solution enabled 
obtaining the rotation angles of the universal joint. 
Through deriving the first and second derivatives of 
these rotation angles, leg’s angular velocity and 
acceleration were obtained respectively. 

All the previously mentioned solutions to the Ste–
wart platform kinematic problem consider the upper 
platform motion while the lower platform remains 
stationary and rigid with the inertial frame.  

Gyroscopic stabilized platforms can only compen–
sate rotational disturbances, and cannot compensate the 
other transnational disturbances [12,13]. According to 
D. Stewart article introduced in 1965 [14], both upper 
and the lower platforms of the Stewart platform are 
allowed to move in the three-dimensional space freely, 
and they can make the three types of rotation angles. 

Therefore, in sea it is essential to use a complete 
stabilized platform like Stewart platform, which can 
compensate motion in all six dimensions for many app–
lications like oceanographic, offshore structures, naval 
military weapon systems, and ship cranes. That motion-
compensation model has an upper stable stationary 
platform and lower platform is subjected to sea distur–
bances. 

Despite the comprehensive study over the last thirty 
years in the area of parallel robots like Stewart platform, 
kinematic analysis presents a deep-rooted complexity. 
In this study area, additional research must be done. Co-
simulation systems research and design and multi-phy–
sics simulations should be widely used in this study 
field to facilitate the study of kinematic problem of 
parallel robots [15,16]. 

Mainly, two methods were used to investigate and 
solve the kinematic problem of Stewart platform. The 
regular method named forward kinematic method states 
that the position and orientation of the platform could be 
obtained according to the leg lengths. The forward 
kinematic method is too complicated. In addition, given 
lengths set can result in various configurations. A 
forward analytical solution is difficult to acquire due to 
the high coupling and nonlinear properties of the Ste–
wart platform. Many continue to perform extensive 
studies on the forward kinematics solution. The analy-
tical approach, numerical method, and intelligent algo–
rithm are the most common solutions to the forward 
kinematics problem. In direct kinematic method a sys–
tem consists of six sphere coupled nonlinear equations 
has to be solved because no closed-form of general 
solution exists [15,17,18]. Maximum number of solu–
tions proved by intersection theory is found to be forty.  

Artificial intelligence algorithms were developed 
around the year 2000 as a result of advances in science 
and technology, and many researchers employed these 
algorithms to address the forward problem of the 
Stewart platform. Neural networks, genetic algorithms, 
particle swarm optimization algorithms, and other 
intelligent algorithms are examples. The neural network 
technique was used by many like Geng and Rahmani to 

determine the forward kinematics of the Stewart plat–
form. Su, Taherifar and others employed genetic algo–
rithms to optimize the solution, while Zhang and Bingul 
established a mathematical model of the forward kine–
matics issue using the particle swarm optimization tech–
nique [19].  

On the other hand, the second method named inverse 
(or indirect) kinematic method states that each leg 
length could be obtained according to a given specific 
position and orientation of the platform [20, 21]. The 
main advantage of the inverse kinematic method is 
being easier than the forward kinematic method.  

In order to obtain closed-form solutions, the early 
development of inverse kinematics for Stewart plat–
forms was mostly dependent on analytical methodo–
logies. These analytical techniques gave precise answers 
to the inverse kinematics issue, but due to singularities 
and geometric complexity, they were frequently com–
putationally demanding and difficult to generalize to all 
configurations [22]. 

Researchers began investigating numerical ways to 
effectively tackle the inverse kinematics problem as 
computer tools and numerical optimization techniques 
progressed. Iterative algorithms and numerical optimi–
zation were two examples of numerical approaches that 
provided more flexibility and improved handling of 
singular configurations. Due to their capacity to manage 
intricate kinematic chains and lessen computing comp–
lexity in high-dimensional areas, these approaches have 
gained popularity.  

In both previously mentioned kinematic methods, 
researchers exerted great effort to conduct accurate 
equations which were used to define position, velocity, 
acceleration, rotation angles and singularity analysis of 
the platform.  

This article elaborates on kinematic modeling of 
the 6-UPS Stewart platform using inverse kinematic 
method. It covers the mathematical representation and 
coordinate transformations necessary to describe the 
motion of the platform considering general motion of 
both upper and lower platforms. It investigates and ve–
rifies an accurate inverse kinematic model for the 
parallel manipulator, utilizing SimMechanics and 
MATLAB for simulation analysis and workspace ana–
lysis. It validates the derived kinematic model through 
an experimental model. 

The originality of this work is represented by de–
riving accurate equations for the lengths of the legs, 
their unit vectors, as well as the required velocity and 
acceleration for extension and retraction while taking 
into consideration the motion of both the upper and lo–
wer platforms in 3D space. This work also represents 
the inverse Jacobian matrices associated with the upper 
and lower platforms. This article also derives the nece–
ssary rotation angles for the universal joints to ensure 
operation within workspace limits. Additionally, it 
calculates its corresponding angular velocity and 
angular acceleration. 

 
2. MECHANISM DESCRIPTION 

 
The mechanism under investigation has six extendable 
legs, an upper platform, and a lower platform. Each leg 
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is connected to the platform by a spherical joint on the 
upper platform and a universal joint on the lower 
platform. The term ”6-UPS” refers to each leg’s upper 
and lower joints, which are connected by a prismatic 
joint. The platform is actuated using six linear actuators. 
 
3. INVERSE KINEMATIC MODEL 
 
The UPS Stewart platform is allowed to navigate a 
space of six degrees of freedom [23] according to the 
generalized form of the equation developed by Grubler 
[24] explaining both planar and spatial mechanisms. In 
this mechanism any intermediate link does not have 
passive degree of freedom. If any intermediate link has 
the ability to rotate freely about an axis defined by two 
joints and cannot transfer torque, then it has a passive 
degree of freedom. The equation calculates the effective 
number of degrees of freedom of the mechanism N 
according to number of degrees of freedom of the space 
in which the mechanism operates λ, total number of 
links n, total number of joints j, number of degrees of 
freedom of each joint Fi

dof and number of passive 
degrees of freedom of the mechanism Ipassive, as follows: 

 1 dof
passiveiN n j F I      (1) 

The mechanism under investigation has six spherical 
joints each has 3 degree of freedom, six universal joints 
each has 2 degree of freedom, six prismatic joints each 
has 1 degree of freedom, fourteen links (six legs each 
has fixed and moving parts, a lower platform and an 
upper platform) and no passive degrees of freedom. 
Based on the previously mentioned characteristics of 
links and joints, number of degrees of freedom of the 6-
UPS Stewart platform is calculated as follows: 

 6 14 18 1 36 0 6N         (2) 

The model can do both translation and rotation in 3D 
space. The key point in investigating and deriving the 
inverse kinematics of the Stewart platform is studying 
the kinematic analysis of one leg. Putting into consi–
deration that, the upper and lower platforms are initially 
horizontally orientated and parallel to each other, as 
shown in (Fig. 3). 

 
Figure 3. Top view of Stewart platform model initial 
position 

As shown in (Fig. 4) initially the lower platform 
frame {B} with centre OB and axes [x1−y1−z1] is para–
llel to the upper platform frame {U} with centre OU and 
axes [x2−y2−z2] and both are initially parallel to the ab–
solute frame {abs} with centre Oabs and axes [x−y−z]. 
Mass centres of the upper and lower platforms coincide 
on centres of the upper and lower platforms frames 
respectively. The leg frame {fi} with axes [x3i−y3i−z3i] is 
attached to the ith leg at the connection point with the 
lower platform Oi. z3i axis is always directed along leg 
position vector directed from Oi to the leg connection 
point with the upper platform Pi. Other two axes x3i and 
y3i are directed along the rotational axis of the universal 
joint. 

 
Figure 4. Model coordinates and frames in initial position 

2.1 Leg length 
 
Stewart platform is a parallel robot which can track a 
definite path efficiently with high precision. Leg length 
calculation and analysis are very important steps in 
deriving the kinematic model of the platform. 

As shown in figure (Fig. 3) the position vector of 
each leg ir


, could be derived considering that position 

of the leg tip with respect to the absolute frame is 

   
   

1 1

2 2

ˆ ˆcos sin

ˆ ˆcos sin

B
i Bi Bi
U
i Ui Ui

O r i r j

P r i r j

 

 

 

 



 , position of the leg 

bottom with respect to the absolute frame is abs
iO


, 

rotation matrix of upper platform is abs
UR , rotation 

matrix of lower platform is abs
BR , position vector of the 

ith leg tip connection with the upper platform with 

respect to its local frame is U
iP


, position vector of the 

ith leg bottom connection with the lower platform with 

respect to its local frame is B
iO


, position vector of ith 

leg tip with respect to upper platform centre in the 

absolute frame is absiq


, position vector of ith leg bottom 

with respect to lower platform centre in the absolute 
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frame is abs
iS


, position of upper and lower centre of the 

platforms with respect to the absolute frame are abs
OUP


 

and absOBO


 respectively, as shown in equations 3,4 and 5. 

abs abs
i i ir P O 


   (3) 

abs abs U abs
i U i OU
abs abs U
i U i
abs abs abs
i i OB

P R P P

q R P

P q P

 



 

  


 

   (4) 

abs abs B abs
i B i OB
abs abs B
i B i
abs abs abs
i i OB

O R O O

S R O

O S P

 



 

  

 

  
   (5) 

Connection points of legs with upper and lower 
platforms are located on a circular circumference with 
radius r and make constant angles αUi and αBi with x2 
and x1 axes, respectively, and rotate about z2 and z1 axes 
in [x2, y2] and [x1, y1] planes, respectively. The position 
vector of the ith leg connection with the upper and 
lower platforms with respect to its local frames could be 
derived as follows: 

   
   

1 1

2 2

ˆ ˆcos sin

ˆ ˆcos sin

B
i Bi Bi
U
i Ui Ui

O r i r j

P r i r j

 

 

 

 



  (6) 

Position vector of the upper platform abs
OUP


, local 

rotations of upper platform frame θOU and total position 
and orientation vector of the upper platform qU could be 
derived as follows: 

1 30 1

abs abs U
ix ix OU ix

abs abs abs abs U
i iy iy OU U iy

abs abs U
iz iz OU iz

abs abs
abs U OU
u

P q x P

P P q y T P

P q z P

R P
T



     
     
        
     
          
 

  
  



  (7) 

Position vector of the lower platform abs
OBP


, local 

rotations of lower platform frame θOB and total position 
and orientation vector of the lower platform qB could be 
derived as follows: 

 Tabs
OB OB OB OB

T
OB OBx OBy OBz

T
B OB OB OB OBx OBy OBz

P x y z

q x y z

   

  



   

   



  (8) 

The eight frames {B}, {U} and {fi} have three 
different basic orientations z1−y1−x1, x2−y2−z2 and 

z3i−x3i−y3i respectively. The rotation matrices abs
BR , 

abs
UR  and abs

fi
R  are used to transfer position vectors 

from the body frame to the absolute frame xyz. The 
three formulas of rotations matrices are derived as 
follows: 

     

     

     

abs
B z OBz y OBy x OBx

abs
U x OUz y OUy z OUx

abs
z Bi x i y ifi

R R R R

R R R R

R R R R

  

  

  







  (9) 

 The final form of position vector for the upper 
connection point, could be derived considering that the 

transformation matrix of the upper platform is abs
UT , as 

follows: 

1 30 1

abs abs U
ix ix OU ix

abs abs abs abs U
i iy iy OU U iy

abs abs U
iz iz OU iz

abs abs
abs B OB
U

P q x P

P P q y T P

P q z P

R P
T



     
     
        
     
          
 

  
  



  (10) 

The final form of position vector for the lower con–
nection point, could be derived considering that the trans–

formation matrix of the lower platform is abs
BT , as follows: 

1 30 1

abs abs U
ix ix OB ix

abs abs abs abs U
i iy iy OB U iy

abs abs U
iz iz OB iz

abs abs
abs B OB
B

O S x O

O O S y T O

O S z O

R P
T



     
     
        
     
          
 

  
  



  (11) 

The ith leg length (Euclidean distance) li and travel 
displacement of each linear actuator Di, could be 
derived as follows: 

i i

i i

l r

D l






   (12) 

3.2 Leg unit vector 
 
It is known that; the unit vector has the same direction as 
position vector. It is usually used to describe the 
orientation or direction in which the leg or linear actuator 
is pointing. The ith unit vector with respect to the 
absolute frame îe , could be derived considering that unit 

vector with respect to ith local frame is ˆ fiie , as follows: 

 

ˆ

ˆ ˆ

ˆ 0 0 1

i
i

i
fabs i

i ifi
Tfi

i

r
e
l

e R e

e









   (13) 

 From equations 9 and 13, the ith leg unit vector, 
could be formulated as follows: 

         
         

   
ˆ

ix Bi i Bi i i

i iy Bi i Bi i i

i iiz

e C S S S C

e e C S C S C

C Ce

    
    

 

   
        
     

  (14) 
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3.3 Velocity and acceleration analysis 
 
For the upper platform, the velocity of tip connection Pi 

relative to the absolute frame abs
Pi
V


, could be derived 

considering that the velocity of the upper platform 

centre with respect to the absolute frame is abs
OUV


, the 

velocity of point Pi relative to the upper platform centre 

with respect to the absolute frame is /P OUiV


, the upper 

platform angular velocity with respect to the absolute 

frame is abs
OU


, as follows: 

/

/

abs abs
OU P OUP ii

OU
abs abs
OU OU OU

OU
abs abs

P OU OU ii

V V V

x

V P y

z

V q

 

 
    
  

 

  


 




  

  (15) 

Upper platform angular velocity with respect to the 
absolute frame, could be derived through Cardan's ori–
entation order defined with respect to absolute frame as 
shown in (Fig. 5), considering that the unit vectors of 
the upper platform are  ˆ ˆ ˆ, ,OUx OUy OUze e e  in [x2−y2−z2] 

directions, respectively. 

 
Figure 5. Upper platform Cardan’s rotations 

The upper platform angular velocity, could be deri–
ved considering that matrix associated with upper plat-
form angular velocity is RU, as follows: 

 
 

     
     

1 0

0

0

abs
OU U OU

OUy

U OUx OUx OUy

OUx OUx OUy

R

S

R C S C

S C C

 



  

  



 
 
  
 
 
  

 

 (16)	

The velocity of point Pi for the six actuators tip 
abs
Pi
V , could be written considering that velocity map–

ping from the upper platform centre to the ith leg con–
nection with the upper platform relative to the absolute 
frame is Uq , matrix associated with velocity mapping 

for the upper platform is J1, as follows: 

1
abs

UPi
V J q     (17) 

The acceleration of the six actuators tip abs
Pi
a , is 

derived considering that first derivative of its velocity 
mapping with respect to time is Uq , first derivative of 

the matrix associated with its velocity mapping with 
respect to time is 1J , as follows: 

1 1

abs
Pabs i

Pi

abs
U UPi

dV
a

dt

a J q J q



   

   (18) 

 The matrix associated with velocity mapping for 
the upper platform and its derivative with respect to 
time, are illustrated as follows: 

 
1 3 3

1 3 30

abs
i

abs abs
OU i

J I q

J q





   
     



 
  (19) 

 The velocity mapping of upper platform and its 
derivative with respect to time, could be derived consi–
dering that angular acceleration of the upper platform 

with respect to the absolute frame is abs
OU , the acce–

leration of the upper platform centre with respect to the 

absolute frame is absOUa , as follows: 

abs
OU

U abs
OU

abs
OU

U abs
OU

V
q

a
q





 
 
  
 
 
  





   (20) 

The angular acceleration of the upper platform with 
respect to the absolute frame and the acceleration of the 
upper platform centre, could be derived considering that 
the first derivative of the matrix associated with upper 
platform angular velocity with respect to time is UR , as 

follows: 

abs abs
OU OU U OU U OU

OU
abs abs
OU OU OU

OU

R R

x

a P y

z

     

 
    
  

   

  


 (21) 

 For the lower platform, the velocity of tip bottom 

connection Oi relative to the absolute frame abs
Oi
V


, could 

be derived considering that the velocity of the lower 
platform centre with respect to the absolute frame is 
abs
OBV


, the velocity of point Oi relative to the lower 

platform centre with respect to the absolute frame is 

/O OBiV


, the lower platform angular velocity with 

respect to the absolute frame is abs
OB


, as follows: 

/

/

abs abs
OB O OBO ii

OB
abs abs
OB OB OB

OB
abs abs

O OB OB ii

V V V

x

V P y

z

V S

 

 
    
  

 

  


 



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   (22) 
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 Lower platform angular velocity with respect to the 
absolute frame, could be derived through Cardan's 
orientation order defined with respect to absolute frame 
as shown in (Fig. 6), considering that the unit vectors of 
the lower platform are ˆ ˆ ˆ, ,OUx OUy OUze e e  in [x1−y1−z1] 

directions respectively. 

 
Figure 6. Lower platform Cardan’s rotations 

The lower platform angular velocity, could be derived 
considering that matrix associated with lower platform 
angular velocity is RB, as follows: 
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  (23) 

The velocity of point Oi for the six actuators bottom 
abs
Oi
V , could be written considering that velocity map–

ping from the lower platform centre to the ith leg 
connection with the lower platform relative to the abso–
lute frame is Bq , matrix associated with velocity 

mapping for the upper platform is J2, as follows: 

abs
Oi
V    (24) 

The acceleration of the six actuators bottom abs
Oi

 , is 

derived considering that first derivative of its velocity 
mapping with respect to time is Bq , first derivative of 

the matrix associated with its velocity mapping with 
respect to time is 2J , as follows: 

2 2

abs
Oabs i
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abs
B BOi

dV
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a J q J q
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   (25) 

The matrix associated with velocity mapping for the 
lower platform and its derivative with respect to time, 
are illustrated as follows: 
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


 (26) 

The velocity mapping of lower platform and its 
derivative with respect to time, could be derived consi–
dering that angular acceleration of the lower platform 

with respect to the absolute frame is ˆ ˆ ˆ, ,ix iy ize e e , the 

acceleration of the lower platform centre with respect to 

the absolute frame is abs
OB , as follows: 
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  (27) 

 The angular acceleration of the lower platform with 
respect to the absolute frame and the acceleration of the 
lower platform centre, could be derived considering that 
the first derivative of the matrix associated with lower 
platform angular velocity with respect to time is BR , as 

follows: 
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  (28) 

 For each linear actuator, the magnitudes of the 
linear actuator travel velocity vi, could be derived, 
considering that the velocity vector of actuator tip Pi 
relative to the bottom Oi with respect to the absolute 

frame is /
abs
P Oi i
V


, as follows: 
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/
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 Equation 29 could be more simplified and written 
as follows: 

 ˆabs abs abs abs
i i i iP Oi i

V V V l e   
   

  (30) 

The ith leg angular velocity abs
i


 could be derived 

through Cardan's orientation defined with respect to 
inertial space frame as shown in (Fig. 7). 

By considering that the unit vectors of the ith are 
ˆ ˆ ˆ, ,ix iy ize e e  in [x3i – y3i – z3i] directions respectively, 

rotation angle about x3i is ψi, rotation angle about y3i is γi. 
The ith leg angular velocity, could be derived considering 
that matrix associated with lower platform angular velocity 
is Ri, as follows: 
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Figure 7. Cardan’s rotations of ith leg 

 The speed of the six linear actuators Vi, could be 
determined from equation 30 as follows: 

ˆ ˆabs abs
i i iP Oi i
V e V e V 

 
    (32) 

 Linear actuator speed matrix for the six legs, could 
be derived considering that inverse Jacobian matrix of 
upper and lower platforms are JU and JB respectively, as 
follows: 
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T
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  (33) 

Type one and type two of the inverse Jacobian 
matrix associated with upper platform are JU1, JU11 
respectively, type one and type two of the inverse 
Jacobian matrix associated with lower platform are JB1, 
JB11 respectively could be derived as follows: 
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   (34) 

Type one of the inverse Jacobian matrices associated 
with the upper and lower platforms are typically the same 
as they are square 6×6 diagonal matrices. they could be 
derived as shown in the following equation. 
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  (35) 

 Type two of the inverse Jacobian matrix associated 
with the upper platform is 6×6 square matrix and could 
be derived as follows: 
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 (36)	

Type two of the inverse Jacobian matrix associated 
with the lower platform is 6×6 square matrix and could 
be derived as follows: 
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 When the parallel manipulator loses or gains one or 
more degrees-of-freedom (DOF) at a definite position, 
then that position is defined as a singular position [25]. 
To avoid singularities, type two of the inverse Jacobian 
matrix associated with upper and lower platforms JUII 
and JBII respectively should have an inverse so that 

   11 11det 0 det 0U BJ and J    (38) 

 The acceleration matrix of the six linear actuators 
ai, could be derived as follows: 
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 Considering that first derivative of the inverse 
Jacobian matrix associated with the upper platform with 
respect to time is UJ  is derived as follows: 
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Considering that first derivative of the inverse 
Jacobian matrix associated with the lower platform with 
respect to time is  BJ  is derived as follows: 
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3.4 Leg rotation angles 
 
The rotation angles of the universal joint of ith leg, 
could be derived in terms of the components of direc–
tion cosines (unit vectors) of each leg while considering 
the upper and lower platform generalized coordinates, 
transformation matrices of both upper and lower 
platforms and leg length, as follows: 
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The first derivative of ith leg direction cosines 
,ix iye e   and ize  with respect to time, could be derived 

considering that first derivative of the transformation 
matrix with respect to time of upper platform is 
abs
BT and first derivative of the transformation matrix 

with respect to time of lower platform is abs
BT , as 

follows: 
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The second derivative of ith leg direction cosines 
,ix iye e   and ize  with respect to time, could be derived 

considering that second derivative of the transformation 

matrix with respect to time of upper platform is abs
UT  

and second derivative of the transformation matrix with 

respect to time of lower platform is abs
BT , as follows: 
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From equations 14 and 43 the ith leg rotation angles in 
terms of generalized coordinates are derived as follows: 
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The rotation angle about y3i, its first derivative with 
respect to time i  and its second derivative with respect 

to time i  could be derived as follows: 
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 From equation 46 the rotation angle about x3i, its 
first derivative with respect to time ψi and its second 
derivative with respect to time i  could be derived as 

follows: 
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 The derived inverse kinematic model is the foun–
dation for understanding and directing the motion of the 
Stewart platform. It gives a mathematical foundation for 
precisely computing system positions, velocities and 
accelerations. This model could be used to create 
precise control algorithms, optimize performance, and 
mimic the platform’s behavior in a variety of circum–
stances. It is crucial for bridging the gap between theory 
and practice, allowing the platform to do complicated 
tasks with precision and efficiency. 

 
4. MODELING OF STEWART PLATFORM 
 
In order to fully understand the Stewart platform’s compli–
cated motion patterns, this section reveals the basic prin–
ciples that control the movement of platform using the pre–
viously derived kinematic mathematical model and thoro–
ugh analysis, providing insights into its motion capabilities. 
It presents an extensive kinematic model that explains how 
joint angles and actuator lengths relate to the position and 
orientation of the platform in space. The platform’s 
flexibility and ability to accomplish exact positioning will 
be easily visualized thanks to this model. 
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Figure 8. Designed Stewart platform 

 
Figure 9. Simulation analysis 

The kinematic mathematical model has two inputs 
represented in position and orientation of both upper and 
lower platforms as a function of time. The 3D model has 
been designed using INVENTOR, as shown in (Fig. 8), 
according to the parameters shown in table 1. 

Table 1. Values of design parameters 

Parameter Value 

r 184 mm 

i [1,2,3,4,5,6] 

αUi [15°,105°,135°,225°,255°,345°] 

αBi [45°,75°,165°,195°,285°,315°] 

 
The designed Stewart platform’s 3D model was 

directly integrated into SimMechanics, setting the way for 
the conversion of theoretical equations into usable code. 
The derived kinematic model was coded in MATLAB. 
The model solution on MATLAB generates lengths, 
speeds, accelerations and rotation angles of each leg. The 
solution of kinematic problem is verified with the aid of 
INVENTOR, MATLAB and SimMechanics, as shown in 
(Fig. 9) 

4.1 Workspace analysis 
 

The model constrains, degrees of freedom of joints and 
frames should be assigned to facilitate simulation and 
analysis. The Stewart platform’s angle limits specify the 
acceptable range of motion for each joint. These rest–
rictions are put into consideration to make sure that moving 
the platform is still physically possible and secure. Angle 
limitations are essential for avoiding scenarios in which 
joints are moved to extreme angles that can cause mec–
hanical interference, overload actuators, or other unfa–
vorable effects. The designed universal joint is permitting 
rotation about its two perpendicular axes from −32.25° to 
32.25°, while the designed spherical joint is permitting tilt 
angle about its perpendicular axis up to 24.25° and the 
designed actuator is permitting stroke length to vary from 0 
mm up to 150 mm. 

These constrains serve to precisely specify the pos–
sible range of movements of each leg in a specific 
region of space. The workspace of a leg with a linear 
actuator and a universal joint at its base is a complicated 
geometric volume in three dimensions. The permissible 
maximum and minimum angles of joints, the length 
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restrictions for linear actuator extensions and any 
mechanical interference that might happen while the leg 
is moving all have an impact on this volume. Since each 
leg contains spherical joints at the top and universal 
joints at the bottom, angle limitations are minimized to 
the smallest limit of both joints, as follows:  

 
 
 

0 : 150

24.25 : 24.25

24.25 : 24.25

i

i

i

D mm







   

   

   (51) 

As shown in (Fig. 10) the upper platform has a 
vertical displacement range starts from 415.705 mm to 
568.565 mm, defined by a plan parallel to the upper 
platform top surface with 31 mm shift down in z 
direction and containing all centres of spherical joints. 
Similarly, the range is measured from a plan parallel to 
the lower platform top surface with 31 mm shift up in z 
direction and containing all centres of lower cylinders of 
universal joints, these plans are called upper and lower 
platforms plans respectively. 

 
Figure 10. Vertical range spanned by the upper platform 

The workspace of each leg is customized to fit 
within the constraints set by the upper platform vertical 
range. This interaction makes sure that the mobility of 
the legs is in perfect harmony with the limits of the 
upper platform. As shown in (Fig. 11) and (Fig. 12). 

 
Figure 11. 3D workspace of Stewart platform legs 

The intersection region of the six workspaces of the 
linear actuators can give specific indication to the overall 
platform workspace. This planned workspace is not only 
mechanically necessary, but also a crucial element in the 
platform’s efficiency. It guarantees that the end-effector of 
the platform can be positioned precisely in the area where 
all legs can manipulate together. The use of this collabo–
rative workspace facilitates complex motions and improves 
the platform’s ability for synchronized interac–tion with 
objects or environment. 

 
4.2 Numerical and simulation analysis 

 
The SimMechanics model simulates the physical behavior 
of the Stewart platform and acts as its digital twin. It 
provides a real-time simulation analysis to forecast and 
visualize the platform’s motion, responses to different 
inputs and interactions. Mechanical parts and connections 
are represented by blocks that are assembled to build the 
model. As shown in (Fig. 13), the driving inputs for the 
prismatic joints in the SimMechanics environment are the 
values determined for the leg lengths in MATLAB. 

The movement of the platform can be simulated due 
to the integration between MATLAB and 
SimMechanics. The lengths are translated into the 
extension and retraction of the prismatic joints. 

       
Figure 12. 2D workspace of Stewart platform legs 
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Figure 13. Block diagram of linear actuator 

 
Figure 14. Block diagram of Stewart platform

As shown in (Fig. 14), the block diagram representing 
the Stewart model built in SimMechanics.  

There will be two different path tracking scenarios. The 
first considers obeying the upper platform to a definite path 
while the lower platform is moving. The other considers 
obeying the upper platform to a definite path while the 
lower platform is kept stationary. 

 
4.3 First path tracking scenario 

 
The goal of this scenario is to make sure that the 

platform follows the desired path while legs lengths, 
velocities, accelerations and rotation angles are within their 
ranges. The scenario has been simulated as illustrated in 
the following equation, considering that simulation time t 
is measured in (seconds) and all position coordinates are 
measured in mm. 

 
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Tabs
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P t t t
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 (53)  

 
Figure 15. Desired path of first scenario of upper platform 
plan centre 

In (Fig. 15), the depicted path illustrates the optimal 
trajectory for the centre of the upper platform. This ideal 
path signifies the desired movement or position that the 
upper platform should follow. It’s crucial to note that in 
this tracking scenario, there’s additional complexity 
introduced by the movement of the lower platform. This 
interplay between the upper and lower platforms adds a 
layer of intricacy to the tracking process, requiring 
precise coordination and control to ensure the upper 
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platform stays aligned with its intended path despite the 
dynamic movement of the lower platform. 

As shown in (Fig. 16), lengths of legs of the Stewart 
platform vary over time but it hadn’t exceeded the 
maximum value of actuator stroke. It consists of one or 
more lines, each corresponding to the length of a single leg 
and spanning a ten seconds time period. 

 
Figure 16. Variation of legs lengths in the first scenario 

Legs linear velocity, as shown in (Fig. 17), reflects the 
rate at which the platform’s individual legs extend or 
retract over time. Velocity indicates how rapidly the 
platform’s legs are adjusting during scenario. 

 
Figure 17. Variation of legs velocities in the first scenario 

Legs linear acceleration, shown in (Fig. 18), shows 
how rapidly the platform’s individual legs change their 
extension or retraction rates over time. 

Acceleration data is critical for understanding how 
the platform’s legs respond to external forces or control 
inputs dynamically. 

 
Figure 18. Variation of legs accelerations in the first 
scenario 

Universal joint rotation angles, as represented in the 
(Fig. 19), show the angular shifts measured in degrees that 
occur about the two axes of universal joints over time, 
which is crucial for properly and effectively positioning the 
platform.  

It is clear that the rotation angles hadn’t exceeded the 
joint constraints. 

As shown in (Fig. 20), the simulation in MATLAB 
concludes with the determination of the final position and 
orientation of both the upper and lower plans of the 
platforms at the end of the simulation time. 

When the simulation is finished, it provides an exact 
snapshot of where each platform is positioned and how it is 
orientated.  

These final locations and orientations are critical for 
evaluating the platform’s performance, confirming design 
decisions, and ensuring that it matches with the 
simulation’s intended objectives. 

 
Figure 19. Variation of legs angles (ψi on left and γi on right) in the first scenario 
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Figure 20. Position and orientation of the platform plans at 
the end of first scenario 

4.4 Second path tracking scenario 
 

In the second path tracking scenario. Here, the lower 
platform is immobile while the upper platform dutifully 
follows a predetermined trajectory. The lower platform 
frame coincides with the inertial frame. The upper platform 
navigates its 3D span while the lower platform acts as a 
steady base in this simulation scenario as follows: 

 
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The desired path shown in (Fig. 21), illustrates the path 
that centre of the upper platform plan should take during 
the second scenario. 

In (Fig. 22), the depicted trajectory showcases the 
simulated position of the centre of the upper platform as 
obtained from the model simulation in SimMechanics. The 
simulation captures the movement of the upper platform in 
a three-dimensional space. 

Notably, the right side of the figure represents the 
evolution of the z-coordinate, providing insights into the 

vertical movement of the centre of the upper platform. 
Meanwhile, on the left side, the x and y coordinates 
unfold, offering a comprehensive view of the horizontal 
displacement. 

 
Figure 21. Desired path of second scenario of upper 
platform plan centre 

As shown in (Fig. 23), the visualization presents a 
detailed representation of the orientation followed by 
the upper platform plan during second scenario. 

As shown in (Fig. 24), the simulation in MATLAB 
concludes with the determination of the final position 
and orientation of both the upper and lower plans of the 
platforms at the end of the simulation time. As well, 
SimMechanics represents the final position and 
orientation of the platform at the end of second scenario.  

As shown in (Fig. 25), the path track obtained by 
Simulink simulation provides a thorough illustration of 
the platform’s motion as it moves along a predetermined 
path. The path track turns into a tool for assessing how 
closely the platform follows the intended route by 
contrasting the simulated path with the anticipated 
trajectory. Additionally, it makes it easier to assess the 
platform’s overall performance by pointing out any flaws 
that might call for mechanical aspect upgrades. Beyond 
validation, the path track enables to mimic and examine 
the platform’s responses in actual circumstances. 

 
Figure 22. Position of centre of upper platform plan during second scenario 
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Figure 23. Orientation of the upper platform plan at the end 
of second scenario 

 
Figure 24. Position and orientation at the end of second 
scenario 

 
Figure 25. Comparison between desired and simulated path 
tracks of second scenario  

 

Figure 26. Path track error in 3D of second scenario 

The path track error, as shown in (Fig. 26), offers an 
important evaluation of the platform motion. This 
inaccuracy measures the differences between the plat–
form’s real path and the simulated path along the X, Y, 
and Z axes. It is clear that, the error gradually and 
linearly increases over time, but it hadn’t exceeded 10% 
about any axis.  

 
Figure 27. Orientation error of second scenario 

5. STEWART PLATFORM EXPERIMENTAL MODEL 
 

The experimental model of Stewart platform uses an 
Arduino Mega to create the control signal for Cytron 
MDD10A motor drivers, which controls the direction and 
positioning of the electric linear actuators. Ultrasonic 
sensors are deployed in parallel to track and measure the 
output displacements.  

The control system is subsequently updated in real-
time with these data, giving feedback on the precise 
measured displacement. The MPU6050 is utilized to 
track and measure the orientation of the upper platform. 
The scheme presented in (Fig. 30), provides a clear 
illustration of the wiring schematic for the Stewart 
platform, highlighting the connections between parts 
used in this control system design.  

The difference between the desired and actual 
orientations of a platform is referred to as orientation error. 
It measures the degree to which the platform’s orientation 
differs from its intended or desired orientation. When 
performing operations that require precise alignment or 
orientation, it is necessary to understand orientation 
inaccuracy.  

As shown in (Fig. 27), the error about the X, Y, and Z 
axes. The effect of following very difficult path caused the 
error to linearly increase over time, but it hadn’t exceeded 
2.32% about any axis. The error in both position and 
orientation comes out from making the platform obeying 
very difficult path. 

In this experimental model the used controller for linear 
actuators is the designed PID controller mentioned in M. R. 
Mohamed et al. [26]. 

The wiring of the designed Stewart platform 
experimental model and how the components are wired 
together is illustrated in (Fig. 29). 
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Figure 28. Electric linear actuators response to desired displacements in first experimental scenario  

 
Figure 29. Stewart platform experimental model 

5.1 Experimental tests 
 

The upper platform must be at its zero or home position 
before starting any scenarios. The measuring procedure 
is carried out with a 1.2 second wait before the scenario 
begins, giving the sensors plenty of time to gather 
accurate data. 

This preliminary information is crucial for monitoring 
leg motions and calculating length changes throughout va–
rious scenarios. While the lower platform is kept stati–
onary, the kinematic mathematical model states that the 
position and orientation of the upper platform are inex–
tricably linked to the displacements of the legs. Accurately 
achieving the location of the upper platform follows 
naturally from achieving the leg displacements and upper 
platform orientation. The scenario’s precise positioning 
and motion control are built on this foundation. The two 
simulation scenarios are varied from simple translation into 
complex general motion of the upper platform. 

 
5.2 First experimental scenario 

 
The Stewart platform is tasked with obtaining a specific 
position measured in mm and orientation measured in 
degrees inside its workspace with its upper platform while 
the lower platform is kept stationary, as follows: 

 
 
0 0 0 0 0 0
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  (56) 

 For all six linear actuators, the steady-state error of 
displacements essi is a key performance parameter for 
evaluating the precision and stability of the positioning 
of the platform as used in many applications like radars. 
After the system reaches a stable state, it indicates the 
difference between desired and accomplished displa–
cements. As shown in (Fig. 28), the linear actuators hold 
their target once they have settled. 

The platform effectively tracks and maintains the 
intended position and orientation with a low steady-state 
error, assuring accuracy and dependability in its operation. 

The steady state error values for the six linear actuators 
and its mean value in the first experimental scenario E1 as 
follows: 
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1
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0.10 0.08

0.17 0.09

0.103

ess cm ess cm

ess cm ess cm

ess cm ess cm

E cm

 
 
 


 (57) 

The measured rotation angles of the upper platform 
provide information on how it has been rotated or oriented 
in relation to its reference position. 

It is possible to monitor the ability of the upper plat–
form to maintain precise orientations by recording its 
rotation angles. 
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Figure 30.  Wiring diagram of Stewart platform  

As shown in (Fig. 31), rotation angles of the upper 
platform at the end of first scenario are −0.61°, 1.36° and 
31.4° about x, y and z axis respectively with average error 
equal to 1.12° relative to the desired rotation angles.  

 
Figure 31. Rotation angles of first experimental scenario 

As shown in (Fig. 32), the final position and orient–
ation, as represented in both the SimMechanics simu–
lation and the experimental model, exhibit a remarkable 

degree of similarity at the end of first experimental 
scenario. 

 

Figure 32. Simulated and experimental position and 
orientation of first experimental scenario 

 
Figure 33. Electric linear actuators response to desired displacements in second experimental scenario 
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5.3 Second experimental scenario 
 

The desired position measured in mm and rotation angles 
measured in degrees of the upper platform while keeping 
the lower platform still are illustrated as follows: 
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The linear actuators remain in their positions once they 
have settled, as seen in (Fig. 33).  

The steady state error values for the six linear actuators 
and its mean value in the second scenario E2 are 
represented as follows: 
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 (59) 

As shown in (Fig. 34), the rotation angles of the 
upper platform at the conclusion of the fifth scenario are 
measured as −6.72°, 5.57°, and −14.65° about the x, y, 
and z axes, respectively, with an average error of 1.17° 
relative to the desired rotation angles. This data 
underscores the platform’s precision in achieving the 
targeted orientations. 

 
Figure 34. Rotation angles of second experimental scenario 

 
Figure 35. Simulated and experimental position and 
orientation of second experimental scenario 

A comprehensive view of the final position and 
orientation of second scenario shown in (Fig. 35), aligning 
both the SimMechanics simulation and the experimental 
model, showcasing their remarkable similarity and 
validating the simulation’s accuracy against real-world 
performance. 

The total average error in displacement during the 
two experimental scenarios Eaverage, could be calculated 
as follows: 

1 2 0.094
2average

E E
E cm


   

Similarly, the total average error in rotation angles 
during the two experimental scenarios is 1.145°.  

The simulation model's utility within the setting of the 
experimental platform is expressed by the strong similarity 
between the simulation and experimental outcomes. 

The analysis and validation of experimental models are 
significantly impacted by this harmonic convergence. 

 
6. CONCLUSION  

 
This paper pressents an improved inverse kinematic 
model. It allows applying inverse kinematic analysis to 
any (UPS) Stewart model without the need for complex 
analytical methods. General motion of both upper and 
lower platforms has been considered in the generalized 
kinematic mathematical model. 

Simulation analysis and numerical solutions are based 
on the use of SimMechanics with the aid of INVENTOR. 
Workspace analysis of the platform has shown the per–
missible 3D range of each leg and its intersection consists 
the total range of the upper platform. Numerical and 
simulation analysis takes into account base motion during 
the first scenario. Analysis of path tracking in the second 
scenario has shown that position track error hadn’t 
exceeded 10% along any axis while orientation error 
hadn’t exceeded 2.32% about any axis. The analysis of 
errors in both position and orientation has assured model 
validation between both numerical and simulated results.  

The total average error in displacement during the two 
experimental scenarios is Eaverage = 0.094cm, while, the 
total average error in rotation angles during five scenarios 
is 1.145°. The simulation analysis and the experimental 
platform results are expressed by the strong similarity 
between the simulation and experimental outcomes. 
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NOMENCLATURE 
 

Roman Symbols 

{abs} 
The absolute fixed frame [x – y – z] attached
to the platform center at Oabs 

{B} 
The lower platform frame [x1 – y1 – z1]
attached to the platform center at	OB 

{fi} 
Local coordinate frame [x3i – y3i – z3i] attached
to the ith leg at Oi 

{U} 
The upper platform frame [x2 – y2 – z2]
attached to the platform center at OU 

ai The ith leg linear acceleration 
abs
OBa


 
Acceleration vector of the lower platform
center with respect to the absolute frame 
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abs
Oi
a


 
Acceleration of leg connection point Oi with
lower platform with respect to the absolute
frame 

abs
OUa


 
Acceleration vector of the upper platform
center with respect to the absolute frame 

abs
Pi
a


 
Acceleration of leg connection point  with 
upper platform with respect to the absolute
frame 

Uia


 Acceleration of ith leg upper mass enter with
respect to the absolute frame 

iD  Travel displacement of each linear actuator 

essi 
The steady-state error of displacements of
linear actuators 

Eaverage 
The total average error in displacement during
all scenarios 

Ei Mean error value in the ith scenario 

îe  The ith leg unit vector with respect to the
absolute frame 

ˆ fiie  
The ith leg unit vector with respect to the ith
leg local frame 

dof
iF  Degrees of freedom of each joint 

i  Leg order (i=1,2,3,4,5,6)  

passiveI  Passive degrees of freedom of the mechanism 

j Total number of joints 

J1,J2 
Matrices associated with velocity mapping for
the upper and lower 
platform respectively 

JB Inverse Jacobian matrix of lower platform 

JB1, JB11 
Type one and type two of inverse Jacobian
matrix associated with lower platform 

JU Inverse Jacobian matrix of upper platform 

JU1, JU11 
Type one and type two of inverse Jacobian
matrix associated with upper platform 

li The ith leg length (Euclidean distance) 
n Total number of links 

N 
Effective number of degrees of freedom of the
mechanism 

abs
iO


 
Position of the leg bottom with respect to the
absolute frame 

B
iO


 
Position vector of the ith leg bottom
connection with the lower platform with
respect to its local frame 

abs
iP


 
Position of the leg tip with respect to the
absolute frame 

U
iP


 
Position vector of the ith leg tip connection
with the upper platform with respect to its
local frame 

abs
OBP


 
Position vector of the lower platform center
relative to the absolute frame 

abs
OUP


 
Position vector of the upper platform center
relative to the absolute frame 

qB 
Total position and orientation vector of the
lower platform 

qU 
Total position and orientation vector of the
upper platform 

Bq  
Velocity mapping from the lower platform
center to the ith leg connection with the lower
platform relative to the absolute frame 

Uq  
Velocity mapping from the upper platform
center to the ith leg connection with the upper
platform relative to the absolute frame 

abs
iq


 
Position vector of ith leg tip with respect to
upper platform center in the absolute frame 

r Circle radius 

RB 
Matrix associated with lower platform angular
velocity 

abs
BR  Rotation matrix of lower platform 

abs
fiR  Rotation matrix of ith leg frame 

Ri Matrix associated with ith leg angular velocity 

RU 
Matrix associated with upper platform angular
velocity 

abs
UR  Rotation matrix of upper platform 

ir


 Position vector of each leg 

abs
iS  

Position vector of ith leg bottom with respect
to lower platform center in the absolute frame 

abs
BT  Transformation matrix of the lower platform 

abs
UT  Transformation matrix of the upper platform 

Vi The ith leg linear speed 
abs
iV


 
The ith leg linear velocity with respect to the
absolute frame 

/O OBiV


 
Relative velocity of leg connection point Oi to
lower platform center with respect to the
absolute frame 

abs
Pi
V


 Velocity of bottom connection Oi with respect
to the absolute frame 

abs
OBV


 
Velocity vector of the lower platform center
with respect to the absolute frame 

abs
OUV


 
Velocity of the upper platform center with
respect to the absolute frame 

/
abs
P OUi
V


 Velocity of Pi relative to upper platform center
with respect to the absolute frame 

abs
Pi
V


 Velocity of tip connection Pi  relative to the
absolute frame 

/
abs
P OUi
V


 
Relative velocity vector between leg upper
point Pi  and lower point Oi  with respect to
the absolute frame 

Greek Symbols 

Bi  Angle that B
iO


 makes with x1 axis in [x1,y1]

plane 
abs
i


 
Angular acceleration of ith leg with respect to 
the absolute frame 

abs
OB


 
Lower platform angular acceleration with
respect to the absolute frame 

abs
OU


 
Upper platform angular acceleration with
respect to the absolute frame 

Ui  Angle that  U
iP


 makes with x2 axis in [x2,y2]

plane 

γi 
Rotation angle of ith passive universal joint 
about y3i 

i  Rotation angles of ith leg frame 

OB  Local rotations of lower platform frame 

OU   Local rotations of upper platform frame 

λ 
Degrees of freedom of the space in which the
mechanism operates 

ψi Rotation angle of ith passive U-joint about x3i 
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abs
i


 
Angular velocity of ith leg with respect to the
absolute frame 

abs
OB


 
Lower platform angular velocity with respect to
the absolute frame 

abs
OU


 
Upper platform angular velocity with respect to
the absolute frame 

 

 
УКЉУЧИВАЊЕ КРЕТАЊА ГОРЊЕ И ДОЊЕ 

ПЛАТФОРМЕ: ГЕНЕРАЛИЗОВАНИ 
ИНВЕРЗНИ КИНЕМАТИЧКИ МОДЕЛ ЗА 
СИМУЛАЦИЈУ И ЕКСПЕРИМЕНТАЛНО 

ТЕСТИРАЊЕ 6-УПС СТЈУАРТ ПЛАТФОРМЕ 
 

М.Р.  Мохамед, А.А. Али  
 

Због тачности и прецизности паралелних мани–
пулатора попут Стјуартове платформе, неколико 
технолошких апликација се ослања на њих. Мора се 

развити тачан кинематички модел како би се 
побољшала тачност манипулатора. У овом раду је 
извршено испитивање и верификација инверзног 
кинематичког модела. Спровођење и горње и доње 
платформе под различитим типовима кретања је 
одлика овог модела. 3D модел платформе је дирек–
тно повезан са SimMechanics, отварајући пут за 
анализу симулације. За кодирање добијеног кинема–
тичког модела коришћен је МАТЛАБ. Анализа 
радног простора платформе показала је дозвољени 
3D домет сваке ноге, а њен пресек чини укупан 
домет горње платформе. Анализа симулације је 
показала да грешка позиционог трага није 
премашила 10% ни по једној оси, док грешка у 
оријентацији није премашила 2,32% ни по једној 
оси. У тесту експерименталног модела укупна 
просечна грешка у померању актуатора је 0,094 cm, 
док је укупна просечна грешка у угловима ротације 
1,145°. 

 


