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A Novel Approach to Triangulate 3D
Point Clouds for 3-Axis Sculptured
Surfaces Machining

Reverse Engineering (RE) is employed to replicate sculptured surfaces
from 3D point clouds. However, reconstructing continuous surfaces
remains challenging. To address this, triangulated models are used as an
alternative. In this paper,we present a novel and simple approach based on
geometric considerations for generating a 3D triangulation from 3D point
clouds with fewer triangles while satisfying a predefined accuracy. In this
approach,we combine regular and adaptive triangulations and explicitly
integrate  approximation accuracy, adaptive subdivision, point
distributions within triangles, and triangle quality. The approach involves
four steps: (1) generating an initial regular 3D triangulation; (2)
adaptively subdividing triangles; (3) verifying triangle qualities; and (4)
generating the STL model for use in 3-axis machining. The lower number
of generated triangles significantly reduces the processing times for
optimizing the machiningand the costs. We validated the approach across
numerous 3D point clouds of complex sculptured surfaces, proving its
performance for triangulation accuracy and processing time.

Keywords: Sculptured Surface, 3D Point Cloud, Adaptive Triangulation,

STL Model.

1. INTRODUCTION

Parts with sculptured surfaces are widely used in vari—
ous industries, including mold, die, aerospace, and
automotive. They are often manufactured using multi—
axis Computer Numerical Control (CNC) milling mac—
hines ranging from 3-axis to 5-axis based on surface
topology and tool accessibility. Main objectives in
machining are excellent surface quality and a minimum
machining time [1]. The part shape is obtained in three
stages: roughing, semi-finishing, and finishing [2]. The
corresponding toolpaths are generated by taking several
factors into account, such as the Computer-Aided
Design (CAD) part model, machining accuracy, cutting
tools, machining strategies, interference and collision
problems, and cutting conditions [3]. Toolpaths are
generated using either continuous parametric models [4-
12] or triangulated models [13-15].

CAD models of sculptured surfaces can be obtained
using either Forward Engineering (FE) or Reverse
Engineering (RE) techniques. The former is used when
surface geometries are relatively simple, whereas the
latter is adopted when the CAD model part is una—
vailable or when part surfaces are highly intricate. The
RE technique allows replicating parts from 3D point
clouds obtained after scanning them using contact or
noncontact measuring devices [16]. The primary chal—
lenge lies in reconstructing continuous smooth surfaces
using surface fitting approaches [17-20]. However, the—
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se approaches are generally complex, and the procedure
for surface reconstruction from a massive point cloud is
tedious and time-consuming. To overcome this issue,
triangulated models are utilized as an alternative.

To reduce costs and product development cycles, the
machining of sculptured surfaces must be optimized.
For this, a large number of factors must be considered,
including production cost, accuracy, optimizing cutting
tool paths, minimizing machining time, choosing sui—
table cutting tools (size, shape, material), avoiding
interference and collision, machining strategies, local
geometric shapes, cutting conditions, etc. Consequently,
generating toolpaths by considering only a subset of
constraints is time-consuming and expensive. When
machining is based on a point cloud, the relationships
between points and necessary geometric properties,
such as unit normal vectors and principal curvatures, are
unknown. These drawbacks make toolpath generation
and machining optimization extremely challenging
tasks. Moreover, a high point density is required to
represent complex surfaces accurately, which signifi—
cantly increases difficulty and processing time.

In industrial practice, sculptured surfaces can be
trimmed or untrimmed, and highly precise surface rep—
resentation is not always required. These surfaces are
employed for both functional and aesthetic applications.
Functional applications include aerodynamic surfaces
(turbine blades and impellers), optical components (ref—
lectors), medicinal devices (prosthetics), and manu—
facturing (molds and dies). In this case, high accuracy is
required to meet functional requirements (increase
performance, optimize aerodynamics, fluid flow, heat
transfer, etc.). Many consumer products have aesthetic
applications, such as consumer electronics, electrical
casings, automotive dashboards, and packaging. For
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these types of products, these surfaces are used to
improve their aesthetic appeal, which is a key aspect in
customer satisfaction and ergonomics. As a result, they
do not need to be extremely accurate, and consequently
a lower accuracy is sufficient.

Visibility of sculptured surfaces is a critical factor in
various applications, especially in manufacturing. It
relates to the ability to see or access a surface from a
specific direction without obstruction, which is crucial
for machining and inspection. In machining, the
visibility of a surface determines whether a cutting tool
can reach and process it. A surface is considered visible
from a particular direction if a line of sight can be
created from that direction to any point on the surface.
If the view direction is parallel to the vertical Z-axis
(tool axis) and all surface points are visible, these
surfaces can be machined on 3-axis CNC machines in a
single setup (Figure 1.a). If there exist invisible points
(hidden zones), multiple setups are required to machine
all surfaces on 3-axis machines. However, all surfaces
can be machined in a single setup when using 5-axis
machines (Figure 1.b). This work deals with point
clouds of sculptured surfaces to be machined on 3-axis
Computer Numerical Control (CNC) milling machines.

Based on these practical facts, triangulating point
clouds with different accuracies using approximating
techniques appears to be a more efficient approach,
particularly for sculptured surfaces. So, the fundamental
motivation for the research is the development of a novel
and simple approach for generating a 3D trian—gulated
model from point clouds with an imposed accu—racy that
varies depending on the sculptured surface type
(functional or aesthetic) instead of using compli—cated
surface fitting techniques. As a result, for the same point
cloud, a unique triangulated model is gene—rated for each
imposed accuracy. Therefore, the objec—tive of this work
is to optimize the sculptured surface machining process
and shorten the product development cycle.

b. 05-axis machining.

Figure 1. Machining of sculptured surfaces.

In this paper,we present a novel and simple approach
based on geometric considerations to generate a 3D
triangulation from a 3D unstructured point cloud with
fewer triangles while maintaining a predefined accuracy
for 3-axis sculptured surface machining using the least
squares method. In this approach we combine both
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regular and adaptive triangulations to increase its effici—
ency and explicitly integrate approximation accuracy,
adaptive subdivision, point distributions within trian—
gles, and triangle quality. The approach involves four
main steps: (1) generating an initial regular 3D trian—
gulation; (2) adaptively and recursively subdividing tri—
angles based on point distribution until the desired
accuracy is achieved; (3) verifying triangle qualities to
retrieve surface boundaries efficiently; and (4) gene-
rating the associated STL model for use in 3-axis
machining. The reduced number of generated triangles
significantly reduces the memory needed for storing
them, processing times to optimize the machining of the
sculptured surfaces, and, as a result, costs. We have
validated the approach's efficacy for triangulation and
processing time on various 3D point clouds of
theoretical and real intricate sculptured surfaces.

This work belongs within the first research direction,
and its main contributions are outlined as follows:

o Efficient triangulation approach combining
regular and adaptive methods.

e Achieving a compromise between triangulation
accuracy and processing time.

e Introduction of a novel triangle subdivision
strategy based on point distribution within triangles.

e Applicability for both trimmed and untrimmed
sculptured surfaces.

e Efficient retrieving of physical part boundaries.

e Introduction of a novel metric for evaluating
boundary triangle quality.

e Generating fewer triangles and thus avoiding
over-precision for functional and nonfunctional
surfaces.

e Production of CNC-machinable triangles.

e Reducing the product development cycle.

The main practical application of this work is the
duplication of functional and nonfunctional (aesthetic)
sculptured surfaces from 3D unstructured point clouds
for milling on 3-axis CNC machines. As a result, the
application field is broad, including aerodynamic
surfaces, molds, dies, car bodies, toys, and more. The
developed software can be integrated into CAM
software (Computer-Aided Manufacturing) to directly
use the generated STL model in the production and the
optimization of the machining.

The paper is structured as follows. Section 2 offers
an overview of related works on machining 3D point
clouds. Section 3 provides a detailed description of the
proposed triangulation approach. Experimental results
and discussions are presented in Section 4. Section 5
offers conclusions and future perspectives.

2. RELATED WORKS

To machine parts defined by point clouds, two direc—
tions are followed by researchers. The first consists of
creating meshes or continuous surfaces before genera—
ting toolpaths, whereas the second one involves deve—
loping approaches to generate toolpaths directly from
point clouds.

A comprehensive survey of different techniques for
surface reconstruction using point clouds is provided in
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[21].They are classified based on the types of employed
priors, the addressed data imperfection, and the gene—
rated output types. They took into account the follo—
wing: point cloud imperfections (sampling density, no—
ise, outliers, misalignment, and missing data), point
cloud inputs (surface normals, scanner information,
RGB images), and techniques (smoothness, visibility,
planarity, etc.). [22] presented an overview and compa—
rison of learning-based and conventional methods for
solving the surface reconstruction problem from point
clouds using interpolation and approximation. Under
appropriate conditions, learning-based techniques can
generate highly detailed surfaces. However, this result
requires training on massive sets of sufficiently complex
surfaces and related point clouds. Delaunay triangu—
lation, which creates 2D triangles or 3D tetrahedra from
point clouds, is employed in several applications,
including computer graphics and computational geo—
metry. [23] presented the Delaunay triangulation met—
hods and analyzed their implementations on CPUs,
GPUs, and FPGAs. [24] developed the “Delaunay Mes—
hing Network+” (DMNet+) approach to reconstruct sur—
faces from point clouds using a Graph Neural Network
(GNN). [25] presented a voxel structure that recon—
structs an initial mesh from a point cloud and optimized
it to improve quality. [26] presented the MergeNet
approach to generate meshes from sparse point clouds.
[27] developed the PPSurf approach to reconstruct
surfaces from point clouds. [28] developed an approach
for identifying the set of elliptical surface segments in
each scanned line of a structured point cloud.

For the first direction, from a regular point cloud,
[29] generated 3-axis roughing and finishing toolpaths,
and [30] reconstructed a B-Spline surface. In [31-32], to
machine parts on five positioned axes milling machines,
an unstructured point cloud is approximated by voxels,
the minimum part setup number is calculated, and a 3-
axis toolpath is generated. From a 2D triangular grid,
[33] created a simplified 3D triangulation and generated
a 5-axis toolpath. [34-35] selected the optimal ball-end
cutter based on Delaunay triangulation. [36] developed
an iso-planar piecewise linear toolpath from an irregular
point cloud. [37], based on Delaunay triangulation, cre—
ated regions and determined optimal ball-end cutters.
[38], from the point cloud, generated a mesh, segmented
it, and created a toolpath with a given scallop height.
[39] denoised a point cloud, created an octree model,
and generated roughing and finishing toolpaths.

For the second direction, [40] created 3-axis roug—
hing and finishing toolpaths from a regular point cloud.
[41] generated a 3-axis toolpath using a parallel plane
machining strategy with circular arcs. [42] subdivided
the point cloud into areas of varying complexity, selec—
ted a ball-end cutter for each area, and generated the
respective 3-axis toolpaths. [43] generated a 3-axis tool—
path using the Inverse Tool Offset method (ITO). [44]
created iso-planar toolpaths with flat-end, ball-end, and
fillet-end cutters of various sizes from a 2D grid. [45]
generated adaptive toolpaths from point clouds. [46]
created 3-axis spline NC paths from point clouds. [47]
devised 3-axis toolpaths maintaining a constant scallop
height. [48] segmented the point cloud into subregions
and generated 3+2-axis machining toolpaths for each
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region. [49] created continuous spiral toolpaths for 3-
axis milling. [50] created a 3-axis toolpath using a para—
llel plane machining strategy. [51] generated adaptive 3-
axis spiral toolpaths from point clouds.

From the above works, several deficiencies can be
identified:

e Generating continuous smooth surfaces is a
challenging, time-consuming, and laborious process that
necessitates a constant interaction between the software
and the designer. As a result, it lacks full automation.

e In Delaunay triangulation, every point of the
point cloud corresponds to a triangle's vertex. Thus, a
densepoint cloud producesa large number of triang—
les,which increases considerably the amount of memory
to store the results and the processing time for opti—
mizing the machining. Besides, Delaunay triangulation
is the convex hull of the point cloud, and other app—
roaches must be used to retrieve the surface boundaries.

e Learning-based approaches necessitate training
on a wide variety of intricate surfaces, and the results
are related to the point cloud density.

e Other specific approaches are very complex to
implement.

Therefore, it is crucial to propose a simple approach
that overcomes these drawbacks and enables the
generation of 3D triangles for trimmed and untrimmed
sculptured surfaces with fewer triangles in a reasonable
processing time while preserving an imposed accuracy.

In addition, machining accuracy, processing time, and
complexity in previous works were all directly related to
the adopted approaches’ parameters and the point cloud
density. However, several important factors were over—
looked, such as surface nature (trimmed and untrimmed),
model accuracy, and surface functionality. The novelty of
our work, situated within the first rese—arch direction, lies
in addressing these aspects explicitly by proposing a
simple and efficient triangulation of 3D point clouds with
a reduced number of triangles for 3-axis sculptured
surface machining. Thereafter, machining optimization,
which includes cutting tool combination, machining
strategies, cutting conditions, etc., becomes simpler than
directly considering the point cloud.

3. PROPOSED APPROACH

Given that the approach considers intricate sculptured
surfaces, a dense input point cloud is required to retrieve
efficiently their geometries. Furthermore, since these
surfaces will be machined on vertical 3-axis CNC milling
machines, it is assumed that the 3D point cloud is a
height map representing both trimmed and untri-mmed
sculptured surfaces, with the Z-axis being vertical. Figure
2 depicts the overall flowchart of our proposed approach.
The subsequent subsections provide details of each step.

|Grouping of points in rectangular cells|
|Generation of the initiaI'SD regular triangulation|
[Adaptive subdivi'sion of triangles| []
|Verification of the quality'of the generated triangles|
| Generation :f the STL file|

Figure 2. General flowchart of the proposed triangulation
approach.
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3.1 Grouping of points in rectangular cells

Since the point cloud is dense and the approach requires
point assignment to triangles, it is necessary to reduce
the processing time for this recurrent procedure. To
address this problem, the first step of the approach
involves grouping points into planar rectangular cells.
Using point coordinates, raw part limit points (Pyyin and
Pyax) and minimum dimensions (length L, width 1, and
height H) are computed (Figure 3.a). Cell creation
requires specifying the number of cells, n, and n,, along
the X-axis and Y-axis, respectively (Figure 3.b).
Thereafter, the limit points Py, and Py, of each cell on
the XY plane are determined (Figure 3.b). Next, the
point cloud is projected onto the XY plane, and the
points belonging to each cell are identified (Figure 3.b).
Finally, cell limits along the Z-axis are calculated,
resulting in 3D cells (Figure 3.c).

a. Point cloud and raw part parameters.
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b. Cells creation on the XY plane.

c. 3D cells.

Figure 3. 3D rectangular cells.

3.2 Generation of the initial 3D regular triangulation

The proposed approach begins with the generation of an
initial 3D regular triangulation, which is then refined via
adaptive subdivision. It is established through the
following steps:

3.3 Generation of the initial 2D planar regular
triangulation

The generation of the initial 2D planar regular triangu—
lation passes by the following steps (Figure 4):
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e Specify the initial lengths of the triangle's
segments, L, and L,, along the X-axis and Y-axis,
respectively.

e Calculate the associated numbers of segments
Nseg, and Nseg, along the X-axis and Y-axis,
respectively.

e Generate the initial 2D planar regular trian—
gulation on the XY plane.

e Project the point cloud onto the XY plane and
determine for each triangle its points based on
cell points.

e Identify the neighbors V;, V,, and V; for each
triangle T. Neighbors are important in adaptive
triangulation since they help to reduce the
processing time.

It is important to note that the initial lengths of the
triangle segments are related to the point cloud
geometric complexity. The more the geometry is
complex, the more the initial lengths must be small. The
raw part's dimensions and the initial lengths of the
triangle segments along the X-axis and Y-axis are used
to calculate the values of Nseg, and Nseg, (Figure 4).
The number of segments Nseg, (Nseg,) is calculated by
dividing the length L (width 1) of the raw part by the
initial triangle segment’s length L, (L,) along the X-axis
(Y-axis). Consequently, the shorter the initial lengths of
the triangle segments, the greater the number of them.
Thus, the approach processing time is directly related to
these values. As a result, large values reduce the number
of triangles required for adaptive subdivision, which
decreases processing time and considerably increases
the triangle number.

To test if a point belongs to a triangle, several
methods can be used, including barycentric coordinates,
triangle area, oriented angles, crossing tests, and cross
product [52]. In this work, the cross product is used.

"]
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Number of segments along X-axis

Figure 4. Generation of the initial 2D planar regular
triangulation.

3.4 Filtering of 2D planar triangles and vertices

The proposed approach is based on using the least
squares method to approximate triangle points by a non-
vertical plane with a specified accuracy. Thus, a triangle
is filtered out, and it is ignored in subsequent steps if it
encloses less than three (3) points or all its projected
points on the XY plane are aligned along the same
straight line (Figure 5). Next, if all common triangles to
a vertex are filtered out, then the vertex itself is filtered
out (Figure 5).
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Figure 5. Filtering of triangles and vertices.

3.5 Conversion of 2D regular triangulation to 3D
regular triangulation

In this step, only non-filtered 2D planar triangles are
considered. So far, 2D triangles have been created on
the XY plane, and to convert them to 3D triangles,
triangle vertices’ Z coordinates are calculated in two
stages. The approximation of points by a set of triangles
is adopted to take account of the noise included in the
point cloud due to the scanning operation of the real
object. Thus, in the first stage, the 3D points of each
triangle are approximated by a non-vertical plane using
the least squares method (Figure 6.a). The plane
equation is:

Z=A-x+B-y+C )
where the coefficients A, B, and C are given by:

r- . . -1, B

i=N 5 i=N i=N i=N
Xi XY, z X; XiZ;
4 i=0 i=0 i=0 i=0
i=N i=N ) i=N i=N
Bl=| Y xy YR Yy Yz | (@)
C i=0 i=0 i=0 i=0
i=N i=N i=N
X; Y; N > 7
L =0 i=0 J L i=0 |

where N is the number of triangle points and X}, ¥;, and
Z; are their coordinates (Figure 6.a).

Equation (1) indicates that it cannot be applied to a
triangle with its points belonging to a vertical plane. This
issue is due to the limits of the least squares method.

In the second stage, the vertices’ Z coordinates are
calculated. For each vertex of the 2D triangle, the inter—
section point between the vertical line passing through

this 2D vertex and the calculated plane returns its
corresponding 3D vertex (Figure 6.b). Next, the maxi—
mum “error ’between the calculated plane and triangle
points is calculated for each triangle (Figure 6.b).

In this approach, if a vertex is shared by "n"
triangles, its Z coordinate will have "n" values because
the computation is done for each triangle without
considering the shared triangles. From all Z values, the
maximum Z coordinate (Z,,,), minimum Z coordinate
(Zin), and average Z coordinate (Z,e.qe) are calculated.
This causes a geometric discontinuity (gap) between
triangles at this vertex (Figure 7.a). To ensure C°
continuity between the created 3D triangles, the 2D
segment shared by two neighboring planar triangles
must be shared after conversion to a 3D segment.

b. Conversion of a 2D triangle to a 3D triangle and
corresponding errors.

Figure 6. Conversion of a 2D triangle to a 3D triangle.

Such a coincidence is ensured if each 3D segment's
vertex coordinates have unique values. For this, a
technique is proposed in which unique coordinate
values are assigned to each vertex shared by multiple
triangles. Once 3D triangles are created, three
possibilities are examined for each vertex, considering
its shared triangles (Figure 7.b):

| Generate the initial 2D planar regular triangulation and filter triangles |

[Calculate maximum Z,,q,, minimum Z,,, and average Z,vemg CoOTdinates for 2D vertices|
1

Possibility 1

Possibility 2

Possibility 3

[Select Z,, for all triangles vertices|

[select Z,,, for all triangles vertices |

[Select Z,,.,,.. for all triangles vertices|

Calculate the new 3D triangles and the
maximum “error” for each triangle

Calculate the new 3D triangles and

the maximum “error”for each triangle|

Calculate the new 3D triangles and
the maximum “error” for each triangle

Determine the maximum distance
“error_max_1”for all triangles

Determine the maximum distance
“error_max_2” for all triangles

|

Determine the maximum distance
“error_max_3" for all triangles

¥

[ Select the possibility with the minimal maximum distance |

Figure 8. General flowchart for determining which possibility produces the best initial 3D regular triangulation.
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o Possibility 1: The vertex's Z coordinate equals
the maximum Z coordinate, Z,,,,;.

o Possibility 2: The vertex's Z coordinate equals
the minimum Z coordinate, Z,,;,.

e Possibility 3: The vertex's Z coordinate equals

the average Z coordinate, Z, e qge-

Figure 7.c shows the scenario for the first possi—
bility. Figure 8 shows the general flowchart of the pro—
cedure for selecting the possibility that generates the
best first approximation of the point cloud. If the resul—
tant error is smaller than the specified accuracy, the 3D
triangles fulfill the required accuracy and thus remain
unchanged, leading to the end of the process. However,
if the error exceeds the specified accuracy, triangles are
recursively and adaptively subdivided until the accuracy
is fulfilled.

o RU—

c. Ensuring continuity between triangles.

Figure 7. Continuity between triangles.

3.6 Adaptive subdivision of triangles

Adaptive triangle subdivision is used only when the
initial 3D regular triangulation fails to satisfy the
predefined accuracy “Precision”. Its steps are outlined
in the subsequent subsections.

3.7 Determining the triangle points’ distribution
relative to specific points

Given the unstructured nature of the point cloud, the

initial 3D regular triangles may have irregular point
distributions. This fact must be addressed explicitly. As
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a result, the points distribution within each triangle is
assessed using six specific points (Figure 9.a):

e The triangle vertices S}, S, and S;.

e The midpoints M;, M,, and M; of the triangle’s
sides [S]Sg], [S2S3], and [S1S3]

The points closest to each specific point are iden—
tified from the projected triangle points onto the XY
plane (Figure 9.b). To quantify the distribution of tria—
ngle points relative to these specific points, six Boolean
variables are defined for each triangle:

e close S;, close S,, and close S3: Boolean vari—

ables associated with triangle vertices S}, S,, and
S3, respectively.

o close M;, close M,, and close_ M3 Boolean
variables associated with triangle sides’middle
points M;, M,, and M;, respectively.

Boolean variables are introduced to check if there is

a subset of triangle points close to a specific point or
not. If it exists, then the Boolean variable is true;
otherwise, it is false.

As shown in Figure 9.a, Pg;, Pg;, and Pg; are the
closest points to vertices S}, S,, and Sj3, respectively, while
Py1, Pyp, and Py are the closest points to midpoints M,
M,, and M;, respectively. Then, the smallest distance
associated with each specific point is calculated.

Two more parameters are included for adaptive
subdivision to deal with triangles with nonhomogeneous
point distribution:

» area_min_tr: this parameter limits the mini—
mum triangle area to activate the triangle subdivision
process, preventing the creation of extremely small
triangles. The lower its value, the more the total triangle
number increases.

»  percent subd: this parameter is introduced to
qua-ntify how far triangle points are from specific
points to start adaptive subdivision to eliminate empty
zones from the triangle (Figure 9.c and Figure 9.d). It
helps in effectively capturing point cloud boundaries
and ensuring homogeneous point distribution within
triangles. A lower value of percent subd leads to more
homogeneously distributed points within triangles,
better recovery of boundaries, and an increase in the
total triangle number. To achieve this objective, six
threshold distances are assigned to each triangle using
triangle side lengths:

1. Three threshold distances associated with triangle
vertices (Figure 9.c):
thresholdg) = percentg;,,max (S5;S,,5.53)
thresholdgy = percentg,;,,max (S,S1,5,83) (3)
thresholdgy = percent,g;,,,max (835,535, )

2. Three threshold distances associated with midpoints
of the triangle's sides (Figure 9.d):

threshold; = percent, :,,55,
thresholdy;, = percent g, i,,5253 ©)
tthreshold 5y = percent i, 5153

where §;5; is the length of the triangle segment defined
by the projected vertices S; and S; on the XY plane.
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Closest point S,
to M,

Closest point to M,
Closest point to S.

middle point

to M,

a. Specific points of a triangle and their closest points.

Points close to S, Points close to 5,
b. Points assignment to triangle vertices.
100% of S,

S8,
c. percent_subd parameter and the threshold distance
thresholds;.

s, .

25% of §,5;

Y

100% of ESI 1
. Os,
\‘ ”,

d. percent_subd parameter a;d-thé threshold distance
thresholdu

Figure 9. Points distribution within a triangle and threshold
distances.

In the proposed approach, the six Boolean variables
are adjusted based on the six threshold distances and the
distances of the closest points to the specific points, as
follows:

if(SIPSI > thresholdSI)
then close _ S| = false;elseclose _S; =true;
if(SZPSZ > thresholdsz )

then close S, = false;elseclose _ S, =true; ©)
if (S3Pg3 > threshold gy)

then close _ S5 = false;elseclose _ Sy =true;
if (M Py, > thresholdg, )

then close _ M, = false;elseclose _ M =true;
if (My Py, > threshold, ) ©)

then close _ M, = false;elseclose _ M, =true;
if (M3Pyy3 > threshold gy

then close _ M5 = false;elseclose _ M5 =true;

These adjustments are made to handle in the same
manner the situations in which there are no points close
to a specified point or the closest point is further away
than the associated threshold distance. Consequently, a
triangle is subdivided if at least one Boolean variable is
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true. For this, the following steps are performed for each
generated 3D triangle:

Identify triangle points, approximate them with a

plane, and calculate the maximum “error”.

Project triangle vertices and its points onto the

XY plane.

Determine midpoints M;, M,, and M; of the

triangle’s sides and the projected triangle area,

area_tr.

Determine the sets of points close to triangle

vertices, closest points, and minimum distances.

Calculate the Boolean variables close S;,

close_S,, and close_S;.

Calculate the threshold distances thresholds;,

thresholds,, and thresholdg; using equation (3).

Adjust the Boolean variables close S;, close S,

and close_Sj; using equation (5).

Find point sets close to midpoints, including

closest points and minimum distances.

Determine the Boolean variables close M,

close_M,, and close_M;.

Calculate the threshold distances, threshold,,

threshold,,, and thresholdy; using equation (4).

Adjust the Boolean variables close M,

close_M,, and close_M; using equation (6).

Subdivide the triangle if one of the following

conditions is satisfied:

¢ area_tr>area_min_tr and (close S/ =false
or close Sy=false or close S;=false or
close_ M=false or close My=false or
close_M;=false).
% error > Precision.

3.8 Subdivision schemas of a triangle

Based on Boolean variables and the required accuracy
Precision, the present work addresses nine cases for
adaptive and recursive triangle subdivision:

Case 1: close S;=true, close Sy=false, and
close_S;=false: all triangle points are only close
to the vertex S;.

Case 2: close S/=false, close S,=true, and
close Ss=false: all triangle points are only close
to the vertex S,.

Case 3: close S;=false, close S,=false, and
close_Ss=true: all triangle points are only close
to the vertex Ss.

Case 4: close S;=false, close Sy=true, and
close Ss=true: all triangle points are far only
from the vertex S;.

Case 5: close S;=true, close Sy=false, and
close Ss==true: all triangle points are far only
from the vertex S,.

Case 6: close Si=true, close S,=true, and
close_Ss=false: all triangle points are far only
from the vertex Ss.

Case 7: close M =false, or close M,=false, or
close_M;=false: all triangle points are far only
from M;, M,, or Mj;.

Case 8: close S;=false, close S,=false, and
close_S;=false: all triangle points are far from
the vertices S}, S5, and S;.
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e Case 9:error > Precision: the triangle does not

fulfill the required accuracy.
For the subdivision process, these cases are
considered in the aforementioned order for each
triangle. The goal of the initial eight cases is the
generation of a homogeneous point distribution within
the triangles and the accurate capture of point cloud
boundaries, while the aim of the ninth case is to
guarantee that the triangle satisfies the specified
accuracy. These nine cases are classified into five
categories, each with its own subdivision scheme:
e First category: it is associated with cases 1, 2,
and 3 (Figure 10.a).

e Second category: it is associated with cases 4, 5,
and 6 (Figure 10.b).

e Third category: it is associated with case 7
(Figure 10.c).

e Fourth category: it is associated with case 8
(Figure 10.d).

o Fifth category: it is associated with case 9.

It is important to emphasize that all possible
scenarios must be examined in each category. The first
four categories typically arise at the point cloud
boundary or with low point cloud density. For each
triangle, the categories are examined sequentially in the
abovementioned order. The proposed subdivision
schema for each category is described below.

d. Fourth category.

Figure 10. Point distribution categories.
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1) Subdivision schema for the first category: Its steps
are described for case 1 (Figure 11.a):

e Identify the farthest point P from vertex S; and
calculate the distance R between them.

e Determine the bisector (A4) of the angle [S,S;S;].

¢ Find the intersection point S of the bisector (A)
and the circle of radius R centered on S;.

e Determine the straight line (2) passing through
the point S and perpendicular to the bisector (A).

e (Calculate the intersection point C; of the straight
line (2) and the segment [S;S;].

e (Calculate the intersection point C; of the straight
line (2) and the segment [S;S;].

e Subdivide the triangle T into three triangles: T,
T, and 7.

e Assign original triangle points to triangle T,
and filter triangles 7; and 7.

¢ Subdivide neighbor triangle V1 into two triangles
and neighbor triangle V2 into two triangles.

e Assign original triangles’ points to the four new
triangles and determine filtered triangles.

e Update neighbor triangles.

e Determine point distribution and Boolean
variables for the modified triangles.

e Determine the approximate planes for the
modified triangles.

2) Subdivision schema for the second category: its
steps are described for case 4 (Figure 11.b):

e Find the closest point P to the vertex S; and
calculate the distance R between them.

e Calculate the intersection point C; of the
segment [S;S;] and the circle of radius R centered
on S;.

e Determine the intersection point C, of the
segment [S;S;] and the circle with radius R
centered on S;.

e Generate three triangles from the triangle T: T,
T;, and T>,.

e Filter the triangle 7, and assign original triangle
points to triangles 7., and T;.

¢ Subdivide neighbor triangle V1 into two triangles
and neighbor triangle V2 into two triangles.

e Assign original triangles’ points to the four new
triangles and determine filtered triangles.

e Update neighbor triangles.

e Determine point distribution and Boolean
variables for the modified triangles.

e Determine the approximate planes for the
modified triangles.

3) Subdivision schema for the third category: its steps
are described for case 7 (Figure 11.c):

e Subdivide the triangle T at the point M; into two
triangles: 7,,,, and 7.

e Assign original triangle points to the two new
triangles and determine filtered triangles.

e Subdivide neighbor triangle V" into two triangles:
V1 and V. 2.

e Determine triangles’ points for the two new
triangles, V; and V, and determine filtered
triangles.

e Update neighbor triangles.
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e Determine point distribution and Boolean
variables for the modified triangles.

e Determine the approximate planes for the
modified triangles.

4) Subdivision schema for the fourth category: its aim
is to remove the triangular zone that is farthest from a
given vertex using the following steps (Figure 11.d):

e Determine the closest point P, to vertex S; and
the distance P;S;.

e Determine the closest point P, to vertex S, and
the distance P5S,.

e Determine the closest point P; to vertex S; and
the distance P;S;.

o If the distance P;S; is the largest, apply the
subdivision schema for the second category by
considering vertex S;.

o If the distance P,S, is the largest, apply the
subdivision schema for the second category by
considering vertex S.

o If the distance P;S; is the largest, apply the
subdivision schema for the second -category
considering vertex Sj.

5) Subdivision schema for the fifth category: its steps
are similar to those of the subdivision schema for the
third category, with the exception that the subdivision is
done relative to the middle point of the longest triangle
side. This way allows avoiding creating triangles with a
large ratio of side lengths (Figure 11.c).

Inltlal nelghbor

triangle V2

a. Subdivision schema for the first category.

a8, Initial neighbor
A langle V1

he third and fifth categories.
Sy Initial neighbor

‘ triangle V1

Initial neighbor, Initial neighbar,
triangle v2 triangle V2

d. Subdivision schema for the fourth category.

Figure 11. Triangle subdivision schemas before and after
subdivision.
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3.9 Verification of triangle quality and generation of
the STL file

Since the triangular mesh is an approximation of the
object's real geometry, its density and quality have
significant impacts on accuracy. So, mesh quality
assessment is essential for ensuring accuracy. For this,
after generating the triangular mesh, its quality must be
assessed using various mesh quality metrics (aspect
ratio, minimum angle, triangle size, Jacobian ratio,
orthogonality, curvature, dihedral angle, etc.) [53].
These metrics are used to identify and fix possible mesh
problems. Triangles must be as close to equilateral as
possible to avoid elongated or thin triangles in the mesh.

The experimental validation of the presented app—
roach shows that for specific conditions of point distri—
bution within a boundary triangle, its height along the
Z-axis increases considerably. To address this problem,
a new mesh quality metric is proposed, which is the
ratio ofthe triangle height T..and the triangle points
height Py, along the Z-axis (Figure 12.a). The
Theight! Pheignratio is high for the following cases (Figure
12.b):

e Triangle points are very close to one vertex.

e Triangle points are very close to only one

triangle side.

e Triangle points are almost aligned.

The 3D triangles generated for the above cases will
have a significant triangle height and be almost vertical.
They are classified as “poor” triangles if their
Theight! Pheignratio is greater than a specified threshold
ratio ratiopeqn. According to the conducted tests, the
maximum value of ratiopeg, is 10 for a good
triangulation. Triangles of poor quality produce tool
movements without effective machining, which
increases the total toolpath length. Consequently, it is
indispensable to filter these triangles to address this
problem and to reduce the total toolpath length. The
classification of the generated triangles is done from the
following steps:

e Verify if the triangle is a boundary triangle.

o Ifitis, perform the following steps:

o Calculate the Theign/Prheign Tatio and compare it
to a specified threshold ratio ratiope;gi.

% I Theignd Preighe™rationeigns, then the triangle
quality is “poor” and is filtered. Next, the
filtered triangles’ neighbors are updated and
become boundary triangles (Figure 13).

¢ Otherwise, the triangle quality is “good”,
and thus it is not filtered.

Triangle
height

z

XY

a. Heights of triangle and its points.
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b. Situations for poor triangle quality.

Figure 12. Triangle quality.

iltered
triangle
Before

Figure 13. Filtering poor boundary triangle and
triangulation update.

Updated
triangles

Adfter

Finally, the “good” triangles are stored as an STL
file and used to generate 3-axis toolpaths (Figure 14.a).
For this, the triangle vertices are oriented so that the Z

component of the triangle unit normal vector N be—
comes positive (Figure 14.b).

The roughing, semi-finishing, and finishing tool—
paths are generated from the STL file by considering the
selected machining strategies, chosen cutters,and the
geometric properties of the triangles [54-55]. For the
inishing operation, the toolpath is constructed based on
the intersection segments between the machining planes
associated with the selected machining strategyand the
triangles.

facetmormal N, N, N,
outer loop
vertex X, Yy Z,
vartex X; Y. Zp
vertex Xy Y; Zj
endioop
endfacet

a. STL file structure.

N

Initial

Final vertices
orientation

Initial vertices
orientation

b. Vertices orientation.

Figure 14. STL file.

3.10 Global process flowchart

Table 1 and Figure 15 show the parameters used in the
approach with their typical values and the global
process, respectively. The stages of the approach are :

Stage 1: Select the best initial approximation and
generate the initial 3D regular triangulation.

e Stage 2: Advances to stage 4 if the Error is less
than the accuracy (Precision). If not, begin the process
of adaptive subdivision. In this stage, each triangle is
considered independently from all triangles and subdi—
vided until it satisfies the accuracy (Precision). The
subdivision process for all triangles is described below:

For each triangle:
If (area_tr > area_min_tr), then identify the case of
the triangle from Case 1 to Case 8.
If (triangle error> Precision), then the triangle is in
Case 9.

{[Generate the initial 3D regular triangulation and calculate the Error];

Yes

rror < Precision

Yes

Identify the case
(Case 1 to Case 8)

Next
triangle

|
No _Nexl
triangle

riangle error >
Precision

Select the Case 9

*
|Subdivide triangle, update the triangulation and calculate the Error|

—— T

Error < Precision

1 Yes

[calculate Z,.,,, Zyy, and Z,y.ra0. COOIdinates for all 2D vertices|
¥

[Select Z,,,, for all vertices and calculate the Error]|

Yes

o
[Select Z,;, for all vertices and calculate the Error]

Yes —

[Select Z,,erage for all vertices and calculate the Error |
No

Error < Precision

Yes

[ Identify and filter poor triangles |

¥
| Generate the STL file |

Figure 15. Flowchart of the overall process of the proposed approach.
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For the selected case, do the following steps:

e Subdivide the triangle and calculate associated
approximation errors.
e Subdivide its neighbors and calculate
associated approximation errors.
e Update triangles’ neighbors.
e Calculate the Boolean variables and the
threshold distances for these created and modified
triangles.
e Adjust Boolean variables.
e Calculate the maximum error Error for all
independent triangles.
If (Error <Precision) then stop the subdivision
process.
Else go to the next triangle.

o Stage 3: Calculate Z,ux, Zpin, and Zgyerqge coordi—
nates for unfiltered vertices and update 3D triangles
with one of these possibilities. Stop the subdivision pro—
cess and pass to stage 4 if the Error for one possibility
is less than the accuracy (Precision). Otherwise, go to
stage 2 to refine triangulation.

e Stage 4: Filter poor triangles and generate the STL
file.

Table 1. Parameters of the approach and their typical
values.

Parameters Typical values
n,: number of cells along X-axis 100 to 200
n,: number of cells along Y-axis 100 to 200

3.70 GHz, 32.0 GB of RAM, and an NVIDIA GeForce
RTX 3070 Graphics Card, running Windows 10.

For the validation, the parameters to set are the
numbers of cells n, and 7, along the X-axis and Y-axis,
the number of segments Nseg, and Nseg, along the X-
axis and Y-axis, the minimum area of a triangle area
min_tr, the parameter of subdivision percent subd, and
the imposed accuracy Precision. In the conducted vali—
dations, for each value of Nseg, and Nseg, various
precision levels Precision, are selected, starting from
low accuracy to high accuracy.

4.1 Theoretical sculptured surfaces

The first validations are performed on two theoretical
sculptured surfaces with different geometric complexity.
One is untrimmed, while the other is trimmed (Figure
16). The latter has a largely more complicated geometry
with two holes and five intricate cutouts at its borders.
Their CAD models are randomly sampled by 3D points
(Figure 17). Table 2 gives point cloud parameters.

a. First surface.

L,: initial lengths of the triangle's
segments along X-axis

depends on the
surface geometry: 1
mm to 50 mm

L,: initial lengths of the triangle's

segments along Y-axis

depends on the
surface geometry: 1
mm to 50 mm

Nseg,: number of segments along | equal to L/L,
X-axis
Nseg,: number of segments along | equal to I/L,

Y-axis

area_min_tr: minimum triangle
area to homogenize point
distribution

percent_subd: quantify how far
triangle points are from a specific
point

Precision: accuracy of the
triangles' approximation

0.1 mm? to 0.05 mm?

20% to 30%

depends on the
surface functionality:
0.5 mm to 0.005 mm
less than 10

Theight/Pheign: metric for filtering
triangles

4. VALIDATION RESULTS AND DISCUSSIONS

The proposed approach is implemented in a Windows
object-oriented environment using the C++ program—
ming language and the OpenGL graphics library. The
developed software deals with both trimmed and
untrimmed sculptured surfaces defined by a 3D point
cloud for 3-axis machining. To demonstrate its efficacy,
we perform validations first on theoretical sculptured
surfaces and then on real, intricate ones. The calcu—
lations were performed on a workstation with the
following specifications: an Intel Core 19-10900K CPU
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b. Second surface with a projection onto the XY plane and a 3D
view.

Figure 16. CAD models of the considered sculptured
surfaces.

a. First point cloud. b. Second point cloud.

Figure 17. Point clouds of the considered sculptured
surfaces.

Table 2. Parameters of the point clouds.

Number of Raw part dimensions
points
First point | 13 936 807 89 mm x 40 mm x 13 mm
cloud
Second 18 743 100 | 178 mm x 80 mm x 26 mm
point cloud

For these surfaces, the numbers of cells n, and n,
along the X-axis and Y-axis are set to 200 and 100,
respectively. For all tests, area min tr and
percent subd are set to 0.05 mm’and 30%, respectively.

First point cloud:
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Table 3. Results for the first point cloud.

Case 1 Case 2 Case 3 Case 4
Nseg,=2 Nseg,=5 Nseg,=20 Nseg,=100
(L=44.5 mm), | (L,=17.8 mm), | (L,=4.45 mm), | (L,=0.89 mm),
Nseg,=2 Nseg,=5 Nseg,~10 Nseg,=50
(Ly=20 mm) (L,=8 mm) (L,=4 mm) (L,=0.8 mm)
Regular triangulation
Error (mm) 9.45864 3.61489 1.16397 0.07866
Number of triangles and vertices 8 9 50 36 400 231 10000 5151
Ratio Theight/Pheight 3.47 4.89 471 0.94
Processing time 7s 7s 7s 8s
Adaptive triangulation with Precision = 0.05 mm
Error (mm) 0.04985 0.04992 0.04990 0.04912
Number of triangles and vertices 6195 3143 5923 3009 4992 2561 10190 5246
Ratio T}iond Preions 2.88 2.12 2.27 0.94
Processing time 55s 39s 21s 1s
Adaptive triangulation with Precision = 0.01 mm
Error (mm) 0.00999 0.00999 0.00999 0.00998
Number of triangles and vertices | 29093 14639 | 28889 14528 | 24026 12160 | 23090 11730
Ratio Theig'hr/Pheight 1.44 1.18 1.01 0.94
Processing time 1 min 14 s 58s 37s 10 s
Adaptive triangulation with Precision = 0.005 mm
Error (mm) 0.00500 0.00500 0.00500 0.00499
Number of triangles and vertices | 58108 29212 | 55641 27956 | 47874 24136 | 47567 24036
Ratio T)iond Pheions 1.47 1.15 0.58 0.94
Processing time 1 min42s 1 min 20 s 53s 27s

Table 3 and Figure 18 present the results for various
values of Nseg, (L) and Nseg, (L,). The results clearly
show that even with a low number of segments, the
sculptured surface shape is accurately recovered. The
Theight! Pheig: Tatio values are low (less than 2.88) for all
cases, indicating that the produced triangles are of good
quality. Thus, an STL file can be created for use in 3-
axis machining.

For an imposed accuracy Precision, adaptive
triangulation processing time decreases as the number
of initial segments increases. Hence, this number is
critical, and it is recommended to start the process with
a judicious choice of it to reduce the processing time.
Moreover, the results reveal a significant reduction in
the number of triangles’ vertices, which exceeds 99%
compared to the initial point number. Even with a
reduced number of triangles, the required accuracy is
satisfactory, proving the effectiveness of the approach.

The approach is compared to regular triangulation
for an accuracy of 0.005 mm. Using the trial and error
method, the accuracy of a regular triangulation is
satisfied when the numbers of segments Nseg, and
Nseg, are 500 and 250, respectively. The resulting
regular triangulation consists of 250 000 triangles and
125 751 vertices, with a T),ion/ Pheigi: ratio of 0.18. Table
4 presents a quantitative comparison of regular and
adaptive triangulations. The results clearly show that the
proposed approach reduces the number of triangles and
vertices by more than 76%.

Initial regular triangulation. Precision = 0.05 mm.
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Precision = 0.01 mm. Precision = 0.005 mm.
a. Results for Nsegx=2 and Nsegy=2.

Initial regular triangulation.

Precision = 0.01 mm. Precision = 0.005 mm.
b. Results for Nseg,=5 and Nseg,=5.

=

Precision = 0.05 mm.

lnitia/‘mr/eqular trianqulation.

Precisio;) =0.01 mm. Precision = 0.005 mm.

c. Results for Nsegx=20 and Nsegy=10.

lnitial'f'egular triangulation. Precision = 0.05 mm.
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Precision = 0.01 mm. Precision = 0.005 mm.
d. Results for Nsegx=100 and Nsegy=50.

Figure 18. Results for the first point cloud.

Table 4. Comparison of regular and adaptive triangulations
for the first point cloud.

Casel | Case2 | Case3 | Cased4

% reduction in the | 76.76% | 77.43% | 80.85% | 80.97%
triangles number

% reduction in the | 76.77% | 77.77% | 80.81% | 80.89%
number of vertices

This efficiency is due to the adaptive creation of tri—
angles based on the geometric complexity of the ori—ginal
sculptured surfaces, as opposed to regular trian—gulation.

Second point cloud:

Before presenting the results for the second point cloud,
it is imperative to examine how the parameters area
min_tr and percent _subd affect the surface’s boundary
recovery accuracy and the total number of triangles.

e Impact of the parameter area min tr:to study
the effect of this parameter, the values of Precision,
percent_subd, Nseg,, and Nseg, are set equal to 0.05 mm,
30%, 60, and 30, respectively. The results for different
percent_subd values are shown in Table 5 and Figure 19.
In light of the obtained results, the surface boundaries are
better recovered, and the number of triangles generated
increases the smaller the parameter area_min_tr.

Table 5. Impact of the parameter area_min_tr on the total
number of triangles and vertices.

Triangles | Vertices

number | number
Regular triangulation 2956 1606
area_min_tr=4mm” 8173 4270
area_min_tr=2mm’ 8433 4477
area_min_tr=1mm’ 8586 4615
area_min_tr=0.2mm’ 8904 4915
area_min_tr=0.05mn1’ 9448 5428

e Impact of the parameter percent subd:to
examine the effect of this parameter, the values of
Precision, area min_tr, Nsegx, and Nsegy are set to
0.05 mm, 0.05 mm2, 60, and 30, respectively. The
results for various percent subd values are shown in
Table 6 and Figure 20. According to the results, the
surface boundaries are better recovered, and the number
of triangles generated increases the smaller the
parameter percent subd.

Based on the results of the previous analyses, small
values of the parameters area_min_tr and percent subd
should be used to improve the accuracy of the recovery
of the surfaces' boundaries. According to the set of
conducted validations, the typical values for
percent_subd and area_min_tr vary from 20% to 30%
and 0.05 mm? to 0.1 mm?, respectively. These ranges
allow us to obtain a compromise between accuracy and
processing time.
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a. Regular triangulation.

b. area_min_tr= 4 mm?’.

c. area_min_tr=2 mm>.

o

d. area_min_tr =1 mm®.

o

e. area_min_tr=0.2 mm®.

f. area_min_tr = 0.06 mm2.

Figure 19. Impact of the parameter area_min_tr on the
surface’s boundary recovery.
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Table 6. Impact of the parameter percent_subd on the total
number of triangles and vertices.

Triangles | Vertices

number | number
Regular triangulation 2956 1606
percent_subd=60% 8972 4996
percent subd=50% 9030 5050
percent subd=40% 9044 5068
percent_subd=30% 9448 5428
percent subd=20% 9978 5895

a. Regular triangulation.

b. percent_subd = 60%.

e

. percent_subd = 50%.

e. percent . subd = 30%.
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f. percent_subd = 20%.

Figure 20. Impact of the parameter percent_subd on the
surface’s boundary recovery.

Table 7 and Figure 21 show the results for different
values of Nseg, (L) and Nseg, (L,). In Figure 21.a, the
initial regular triangulation doesn't contain the two holes
because the initial numbers of segments, Nseg, and
Nseg,, are too coarse. However, the final results, which
were obtained for various accuracies, all properly
exclude the triangulation's holes. The mechanism
responsible for these results is the adaptive subdivision,
which considers the different cases for each triangle and
its parameters. This result demonstrates that even if the
proposed approach starts with a small number of
segments, it can effectively identify and recover the
sculptured surface shape, its boundaries, and hole
boundaries. The more the number of segments
increases, the closer the holes and the cutouts are to the
theoretical ones. Furthermore, as the precision
decreases, triangles are highly subdivided in areas of
large curvature variations, and the surface's boundaries
are well identified and recovered. This demonstrates
that the approach can deal with extremely intricate,
trimmed, sculptured surfaces.

For all considered cases, the Tjeign/Pheign: Tatio is low
(less than 4.97), indicating that triangles are of good
quality. The reduction percentage between the initial
point number and the generated vertices number
exceeds 99%. Even with a low number of triangles, the
required precision is satisfied, demonstrating the
effectiveness of the approach. It is important to notice
that for the same imposed accuracy, the processing time
for the adaptive triangulation decreases as the number of
initial segments increases. Consequently, this number is
critical and must be chosen carefully.

Initial regular triangulation.

Precision = 0.005 mm.

Precision = 0.01 mm.
a. Results for Nseg,=20 and Nseg,=10.
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Initial reqular triangulation.

Initial regular triangulation.

Precision = 0.01 mm. Precision = 0.005 mm.
b. Results for Nseg,=60 and Nseg,=30.

Precision = 0.01 mm. Precision = 0.005 mm.
d. Results for Nseg,=140 and Nseg,=70.
Figure 21. Results for the second point cloud.

A comparison is done with regular triangulation for
an accuracy of 0.005 mm. After trial and error, the
accuracy of a regular triangulation is satisfied when the
numbers of segments Nseg, and Nseg, are 700 and 350,
respectively. The resulting triangulation consists of 377
231 triangles and 190 351 vertices, with a Tjign/Pheigit
ratio of 0.64. Table 8 gives a quantitative comparison
between regular and adaptive triangulations. The results
show that the reduction of the number of triangles and

nitial regular triangulation. Precision = 0.05 mm

Precision = 0.01 mm. Precision = 0.005 mm. . o
c. Results for Nseg,=100 and Nseg,=50. vertices exceeds 72%.

Table 7. Results for the second point cloud.

Case 1 Case 2 Case 3 Case 4
Nseg,=20 Nseg,=60 Nseg,=100 Nseg,=140
(L,=8.9 mm), (L,=2.96 mm), | (L,=1.78 mm), | (L,=1.27 mm),
Nseg,~10 Nseg,=30 Nseg,=50 Nseg, =70
(L,=8 mm) (L,=2.66 mm) (L,=1.6 mm) (L,=1.14 mm)
Regular triangulation
Error (mm) 2.8001 041111 0.21895 0.08962
Number of triangles and vertices 356 212 2956 1606 7969 4203 15440 8028
Ratio Teignid Pheight 7.86 7.52 4.34 3.10
Processing time 9s 10 s 10 s 11s
Adaptive triangulation with Precision = (.05 mm
Error (mm) 0.04983 0.04997 0.04975 0.04881
Number of triangles and vertices 9810 5612 9448 5428 10743 6156 17101 9446
Ratio Tyeionid Pheighs 4.97 4.91 3.95 2.52
Processing time 43's 18 s 7s 3s
Adaptive triangulation with Precision = 0.01 mm
Error (mm) 0.00999 0.00999 0.00999 0.00999
Number of triangles and vertices 44220 23174 42974 22438 | 43700 22871 | 41250 21686
Ratio Teignid Pheight 3.96 3.81 2.30 2.44
Processing time 1 min 14 s 52's 37s 26s
Adaptive triangulation with Precision = 0.005 mm
Error (mm) 0.00499 0.00500 0.00499 0.00500
Number of triangles and vertices 103595 53130 100224 51332 | 99332 50814 | 98439 50396
Ratio Theight/Pheight 3.96 2.80 1.99 2.44
Processing time 2min 41 s 2 min 18 s 1 min 55 s 1 min 39 s

Table 8. Comparison of the regular and adaptive triangulations for the second point cloud.

Case 1 Case 2 Case3 | Cased
% reduction in the triangles number 72.54% | 73.43% | 73.97% | 73.90%
%reduction in the number of vertices 72.09% 73.03% | 73.31% | 73.52%
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Table 9. Results for the real point cloud.

Case 1 Case 2 Case 3 Case 4
Nseg,=25 Nseg,=80 Nseg,=100 Nseg,=200
(L,=8 mm), (L,=2.5 mm), (L,=2 mm), (L=1 mm),
Nseg,=25 Nseg,=80 Nseg,=100 Nseg,=200
(L,=8 mm) (L,=2.5 mm) (L,=2 mm) (L,=1 mm)
Regular triangulation
Error (mm) 3.7353 0.98070 0.73055 0.48852
Number of triangles and vertices 1049 577 10106 5234 15699 8076 | 61911 31422
Ratio T}iond Pheins 37.77 2743.07 102.96 9.84
Processing time 14s 14's 15s 19s
Adaptive triangulation with Precision = 0.5 mm
Error (mm) 0.49986 0.49997 0.49661 0.48852
Number of triangles and vertices 7319 5275 13429 8273 | 18969 11110 | 61911 31422
Ratio Theight/Pheig;ht 5.25 4.96 4.96 9.84
Processing time (s) 28 s 7s 5s 0
Adaptive triangulation with Precision = 0.1 mm
Error (mm) 0.09998 0.09999 0.09999 0.09994
Number of triangles and vertices | 30203 17170 | 29932 16941 | 32375 18239 | 68919 36528
Ratio Teionid Pheigns 4.97 4.73 4.85 4.95
Processing time I min9s 24 s 22's 19s
Adaptive triangulation with Precision = 0.05 mm
Error (mm) 0.04999 0.04999 0.04999 0.04999
Number of triangles and vertices | 60988 33113 | 57441 31022 | 58432 31632 | 83125 43727
Ratio Teiond Pheigns 4.95 4.09 4.81 2.75
Processing time 1 min 46 s 55s 52s 43s

4.2 Real sculptured surfaces

The second validation is conducted on a real object, a
“mask” composed of highly intricate sculptured surfaces
(Figure 22.a). The scanning is performed using a mea—
suring arm, “ROMER”, with 07 degrees of freedom
from Hexagon Metrology equipped with a laser scanner
(Figure 22.b). Figure 22.c and Figure 22.d represent the
scanning operation of the mask and the acquired point
cloud, respectively. Because of the mask's intricate geo—
metry, the point cloud is dense to efficiently retrieve all
its details. The acquired point cloud is composed of
25618568 points, and its raw part dimensions are 200
mm x 200 mm x 43 mm.

C. Lés'er scanning of the mask.

d. Acquired point cloud.

Figure 22. Point cloud of the highly complex real part
“mask”.

For this case, the numbers of cells n, and n, along
the X-axis and Y-axis are set to 100 and 100,
respectively. The values of area_min_tr and percent
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_subd for all tests are set to 0.05 mm* and 20%,
respectively, based on the prior analysis of their effects
on the surface’s boundary recovery.

Table 9 and Figure 23 show the results for different
values of Nseg, (L,) and Nseg, (L,). In Figure 23.a, the
initial regular triangulation doesn't contain any detail of
the mask since the initial numbers of segments, Nseg,
and Nseg,, are too coarse. However, all of the details
(eyes, ears, nose, etc.) are correctly recovered in the
final results, which were obtained for various accu—
racies. This result illustrates that the proposed approach
can effectively identify and recover the sculptured
surface shape, its boundaries, and hole boundaries even
if it begins with a reduced number of segments.
Furthermore, as the precision decreases, triangles are
highly subdivided in areas of large curvature variations,
and the surface's boundaries are well identified and
recovered.

In Figure 23.b, the Tjeign/Pheigne 1atio is very high
(2743.07) for the initial regular triangulation because
one boundary triangle is almost vertical due to the point
distribution inside it. However, once the adaptive
subdivision is launched for various accuracies, this ratio
decreases below 4.96, indicating that the resulting
triangles are of high quality.

It is worth noting that as the number of initial
segments increases, the initial regular triangulation is
closer to the real shape of the mask, and the processing
time for adaptive triangulation decreases. According to
the obtained results, the mask's sculptured surface
shape, borders, and hole boundaries are well identified
and recovered. Besides, in regions with high variations
of curvatures, triangles are subdivided recursively to be
able to retrieve the small details. This achievement
shows the approach’sefficacy and proves its capability
of handling extremely intricatesurfaces.
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Figure 23. Results for the point cloud of the mask.
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5. CONCLUSION

In this paper,we have presented a novel and efficient
approach for generating a 3D triangulation using the
least squares method with a reduced number of triangles
while maintaining predefined accuracy from a 3D point
cloud for 3-axis sculptured surface machining. It com—
bines both regular and adaptive triangulations to maxi—
mize efficiency. Besides, it explicitly integrates appro—
ximation accuracy, adaptive subdivision, point distri—
butions within triangles, and triangle quality. By ana—
lyzing the point cloud distribution within the triangle
relative to specific key points, the triangle is adaptively
and recursively subdivided using various proposed
subdivision schemes. For the adaptive subdivision,
triangles are generated based on the original sculptured
surfaces’geometric complexity.

We have validated the approach's efficiency on
many 3D point clouds representing intricate theoretical
and real trimmed and untrimmed sculptured surfaces,
proving its performance for both triangulation and pro—
cessing time. The primary advantage of the approach
lies in significantly reducing the number of the genera—
ted triangles, thereby significantly reducing the rep—
roduction cycle of parts with sculptured surfaces and
hence the costs, including cutting tool selection, mac—
hining strategy choice, cutting conditions adaptation,
and toolpath generation.

However, we must point out two limitations of our
approach. Firstly, it cannot address vertical regions due
to inherent issues with the least squares method.
Consequently, points on vertical planes must be filtered
out before proceeding with the approach. Secondly, the
point cloud must be dense to recover efficiently the
surface and its boundaries.

As an immediate research perspective, it is intended
to use the generated triangles for optimizing sculptured
surface machining processes. To attain this objective,
several research directions can be considered:

» Segmenting the triangles into zones based on the
local shapes of their vertices, and then identi—
fying the optimal shapes and sizes of the cutters.

» Selecting and combining the appropriate machi—
ning strategies.

> Identifying the best combination of ball-end cut—
ters to minimize the total machining time.

» Combining all forms of cutters (ball-end cutters,
flat-end cutters, and fillet-end cutters) by taking into
account local shapes of the generated trian—gles.

> Adapting the cutting parameters (feedrate,
spindle speed) to minimize vibrations and to
improve surface finish.
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NOMENCLATURE
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ny number of cells along X-axis
n, number of cells along Y-axis
I initial lengths of the triangle's segments

along X-axis
initial lengths of the triangle's segments

Ly along Y-axis
Nseg, number of segments along X-axis
Nseg, number of segments along Y-axis

minimum triangle area to homogenize
point distribution

quantify how far triangle points are
from a specific point

area_min_tr

percent_subd

accuracy of the triangles'

Precision S
approximation

Theigh/Prheight metric for filtering triangles

HOBU INPUCTYII TPUAHI'YJIALIJNA 31
OBJIAKA TAYAKA 3A OBPAZY
CKYJIITYPAJIHUX ITOBPIIIMHA HA
TPOOCHHUM CNC MAIIIUHAMA

M. Bej. K. Azyan

Pesep3nbunnu uwxemepunr (PE) npencrasiba KibyuHH
METOJ 33 JUTHTAIHY PEKOHCTPYKLIHjy W PEIUIMKALH]y
CKYJINTYpaJHUX TOBpIIMHA Ha ocHOBY 3D oOmnaka
tayaka. Mlnak, Kpenpame HENPEKUIHUX U T€OMETPH]CKH
TAYHUX MOBPIIMHCKUX  MoOIeNa M3  JIHCKPETHHX
rmoaTaka ¥ Jajbe je 3HauajaH m3a30B y mpakchu. Kao
epUKacHa anTepHATHBA, ymoTpeda TpPUAHTYIUCAHUX
Mpeka omoryhaBa poOycTaH M padyHCKH IPUXBATIFUB
NPUCTYI PEKOHCTPYKLHU]H OBAKBUX IOBPIIMHA. Y OBOM
paay TpeICTaB/beH je HOB, TCOMETPHUjCKH 3aCHOBAH
METOJ 3a reHepucame 3D TpuaHrynammje u3 oOjaka
Tayaka, IpPU YEMy CE IIOCTHKE PEIyKOBaH Opoj
TPOYIJIOBa Y3 KOHTPOJIMCAHY T'PEIIKY alpoKCHMAIHje.
[Ipennoxkenn anropuraM KOMOMHYje peryiapHy W
aJANTUBHY TPUAHTYNALM]y, Y3 EKCIUIMIHUTHO YKJbY—
YHBambE KPUTEPUjyMa Kao IITO CY JIOKAJIHA IPEHU3HOCT
aTnpoKCHUMAaIlije, aJanTHBHA Jeoda ereMeHara, pacmo—
JieJla Tadaka yHyTap TPOYIJIOBa U eBajlyalyja KBaJHTeTa
Mpexe. Meromosoruja ce cacroju u3 4etupu (ase:
l'enepucame mnouerHe perynapue 3/ Tpuanrynauuje;
AnanTHBHa J1e00a TPOYIJIOBa Ha OCHOBY I€OMETpPHjCKe
CIIOKEHOCTH JIOKaJIHE MOBpuIMHe; EBanmyanuja wu
noOoJblllakbe KBAIMTETA TI'EHEPHCAHUX E€JIEeMEeHaTa;
N3Bo3 STL modela pogodnog za troosnu CNC obradu.
[IpumMeHa mnpeIoKEHOT NPHUCTYNIa HA Pa3IHYUTHM
ckynoBuMa 3D mojaraka CKyJINTYpaJlHUX ITOBPIIMHA
MoKa3aja je 3Ha4ajHO CMameme YKyHmHOT Opoja
TPOYIJIOBA, Ka0 M ONTHUMHU3ALHjy BpPEMEHA IpUIpPEMe
oopane m CNC TreHepucama ImyTama ajaTa, Y3
3a7pKaBambe BHCOKE MPELM3HOCTH Mojena. Pesynratu
notBplyjy NOpakTHYHYy e(QHUKacCHOCT alroputMa y
KOHTEKCTy JUruTagHe pekoHcTpykmmje u CAM
MNpUunpeMe KOMIIJICKCHUX IMMOBPLIXHA.
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